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Abstract 

In this paper, we are concerned with the local existence and singularity structure of low regularity solutions 
to the semilinear generalized Tricomi equation d 2 u — t m Au = f(t,x,u) with typical discontinuous initial 
data (u(0,x),dtu(0,x)) = (0,(p(x)); here m s N, x = (x\, x n ), n > 2, and f(t,x,u) is C°° smooth in its 
arguments. When the initial data (p(x) is a homogeneous function of degree zero or a piecewise smooth function 
singular along the hyperplane {t = x\ = 0}, it is shown that the local solution u(t, x) £ L°°([0, T] x R") exists 

^m+2 

and is C°° away from the forward cuspidal cone Yq = \(t,x):t > 0, \x\ 2 = and the characteristic 

(m + 2) z 

2t 2 r+ 1 

cuspidal wedge Tf = \(t,x):t> O.Xi = ± }, respectively. On the other hand, for n = 2 and piecewise 

1 m + 2 ' 

smooth initial data (p(x) singular along the two straight lines {t = x± = 0} and {t = x-i = 0}, we establish 
the local existence of a solution u(t,x) G L°°([0,T] x R 2 ) n C([0, T],if 2 (™+ 3 ) _ (M 2 )) and show further that 
u(t,x) C 2 ((0,T] x M 2 \ (r U U r^)) in general due to the degenerate character of the equation under 

study; here Tf = {(t,x):t > 0,x 2 = ± }. This is an essential difference to the well-known result for 

L m + 2 ' 

solutions v(t, x) e C°°(R + x R 2 \ (E U T,f U T,f)) to the 2-D semilinear wave equation dfv - Av = f(t, x, v) 
with (w(0, x), dtv(0, x)) = (0, <p(x)), where Eo = {t = \x\}, T,f = {t = ±xi}, and = {t = ±X2}- 

Keywords: Generalized Tricomi equation, confluent hypergeometric function, hypergeometric function, 
cusp singularity, tangent vector fields, conormal space 
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§1. Introduction 

In this paper, we will study the local existence and the singularity structure of low regularity solution to 
the following n-dimensional semilinear generalized Tricomi equation 

| d^u-t m Au = f{t,x,u), (t, x) e [0, +00) x R n , (||| 
i u(0 7 x) = 0, dtu(0, x) = (f(x), 



* Ruan Zhuoping and Yin Huicheng were supported by the NSFC (No. 10931007, No. 11025105), by the Priority Academic 
Program Development of Jiangsu Higher Education Institutions, and by the DFG via the Sino-German project "Analysis of PDEs 
and application." This research was carried out when Witt Ingo visited Nanjing University in March of 2012, and Yin Huicheng 
was visiting the Mathematical Institute of the University of Gottingen in July-August of 2012. 

** Ingo Witt was partly supported by the DFG via the Sino-German project "Analysis of PDEs and application." 

Typeset by AmS-Te& 



where m G N, x = (xi, x n ), n > 2, A = ^ df, f(t, x, u) is C°° smooth on its arguments and has a compact 

i=i 

support on the variable x, and the typical discontinuous initial data (p(x) satisfies one of the assumptions: 
(A x ) ip(x) = g(x, ), here g{x, y) G C°°(M ri x M") and has a compact support in B(0, 1) x B(0, 2); 

(A 2 ) y{x) = { MX \ Xl < °' with <pi{x),<p 2 {x) G C °°(R") and ^(0) ^(0); 

t tor a;i > 0, 

V'i(x) for xi > 0, x 2 > 0, 



(A 3 ) Forn = 2, <^(x) 



with^(x) G Cg°(R n )(l < i < 4) and Vi(0) 7^ ^-(0) 



°^| 2 = 7Z-^2}- 



^2(2;) for £1 < 0, £2 > 0, 

■03 (ar) for xi < 0, x 2 < 0, 

"4>a{x) for £1 > 0, £2 < 0, 
for some i 7^ j (1 < i < j < 4). 

Xl 

It is noted that ip(x) = ip(x)— with tp(x) G Cfi°(B(0, 1)) is a special function satisfying (j4i), which has a 

singularity at the origin. 

Under the assumptions (Ai) — (A3), we now state the main results in this paper. 

Theorem 1.1. There exists a constant T > such that 

(i) Under the condition (Ai), (1.1) has a unique solution u(t,x) £ C([0,T], H^ + ^~(W n )) n C((0,T], 
#f+3Ts$3T-(]Rn)) n C* 1 ([0,T], J ff*" 3 X^F2T-(M")) and u(f,a:) G C°°((0,T] x M™ \ r ), here T = {(t,x) : t > 

At m+2 
(m~+ 2) 

(ii) Under the condition (A 2 ) , (1.1) has a unique solution u(t,x) G L°°([0, T] xE")nC([0, T], i7^S^7~ (R™)) 
nC((0,T},H^-(M n ))nC 1 ([0,T],H^-(W 1 )) andu(t,x) G C°°((0, T] x K" \ T+ U 17), /iere if = {(i,a;) : 

t>0,xi = ±^—}. 

m + 2 

(in) For n = 2, under the condition (A3), if m <9, then (1.1) has a unique solution u(t,x) G L°°([0, T] x 
K 2 )nC([0,T], i/ 3 T^"(M 2 ))nC((0,T],i^^"(IR 2 ))nC ,1 ([0,T],ff^T2-(M 2 )). Moreover, in the general case, 
u(t,x) C 2 ((0,T] x K 2 \ To U U r 2 ), /iere To and Tf have been defined in (i) and (ii) respectively, and 

if = {(t,x) :t>0,x 2 = ± — }. 

m + 2 

Remark 1.1. In order to prove the C°° property of solution in Theorem 1.1. (i) and (ii), we will show 
that the solution of (1.1) is conormal with respect to the cusp characteristic conic surface Yq or the cusp 
characteristic surfaces if respectively in §6 below. And the definitions of conormal spaces will be given in §4. 

Remark 1.2. Since we only focus on the local existence of solution in Theorem 1.1, it does not lose the 
generality that the initial data tp(x) in (Ai) — (A3) are assumed to be compactly supported. In addition, the 
initial data (u(0,x),dtu(0,x)) = (0,ip(x)) in (1.1) can be replaced by the general forms (u(0,x),dtu(0,x)) = 
(4>(x), tp(x)), where D x <j>(x) satisfies (Ai) when tp(x) satisfies (Ai), <f>(x) is C 1 piecewise smooth along {t = xi = 
0} when tp(x) satisfies (A 2 ), and <j)(x) is C 1 piecewise smooth along the lines {t = xi = 0} and {t = x 2 = 0} 
when ip(x) satisfies (A3), respectively. 

Remark 1.3. The initial data problem (1.1) under the assumptions (A 2 ) and (A3) is actually a special case 
of the multidimensional generalized Riemann problem for the second order semilinear degenerate hyperbolic 

n 

equations. For the semilinear N x N strictly hyperbolic systems of the form dtU + Aj(t, x)djU = 

F(t,x,U) with the piecewise smooth or conormal initial data along some hypersurface A C {(t,x) : t = 
0,x G K™} (including the Riemann discontinuous initial data), the authors in [19-20] have established the local 
well-posedness of piecewise smooth or bounded conormal solution with respect to the N pairwise transverse 
characteristic surfaces £j passing through Ao. With respect to the Riemann problem of higher order semilinear 
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degenerate hyperbolic equations, we will establish the related results in our forthcoming paper. 



Remark 1.4. The reason that we pose the restriction on m < 9 in (Hi) of Theorem 1.1 is due to the require- 
ment for utilizing the Sobolev's imbedding theorem to derive the boundedness of solution (one can see details 
in (5.7) o/§5 below), otherwise, it seems that we have to add some other conditions on the nonlinear function 
f(t,x,u) since the solution w(t,x) € L°°([0, T] x M 2 ) does not hold even if w(t,x) satisfies a linear equation 
dfw - t m Aw = g(t,x) with (w(0,x),d t w(0,x)) = (0,0) and g(t,x) e L°°([0,T] x R 2 ) n L°°([0, T],H"(R 2 )) 
with < s < 1 for large m. Firstly, this can be roughly seen from the following explicit formula ofw(t,x) in 
Theorem 3.4 of [24]: 



w (t,x) = [*d T ( m ^ drj d r [ - g(T,?/) -.dy 

K ' ^™ + 2 ; Jo Jo \ J B ( x ,r) ^r 2 -\x-y\ 2 



(n + <f>(t) + 4>(t)Y 



x W r) - n + mr <F( 7 , 7 ; 1; ^ + " " + *< T » 



(-r 1+ ^)+0(T))(-n-0(t)-0(T)) 



where 4>(t) = — IjT^' ^ = 2( — + 2) ' F(a,b;c;z) is the hypergeometric function. It is noted that 

d r (J B ( xr ) : cfa/) = d r [ / / g(r,xi + \/r 2 — q 2 cos8, xi + \Jr 2 — q 2 sin6)dqdd) holds and thus 

\ ' ^2 _ jj, _ y\.2 J Q J Q 

the L°° property of w(t,x) is closely related to the integrability of the first order derivatives of g(t,x), which 
is different from the case in 2-D linear wave equation. On the other hand, the regularity of w(t, x) is in 
C{[0,T},H s+ ^(R 2 )) <£ L°°([0,T] x R 2 ) for large m by Proposition 3.3 below and Sobolev's imbedding theo- 
rem. 

Remark 1.5. By u(t. x) C 2 ((0, T] x R 2 \ T U Tf U Tf) in Theorem 1.1. (Hi), we know that there exists 
an essential difference on the regularity of solutions between the degenerate hyperbolic equation and strictly 
hyperbolic equation with the same initial data in (A 3 ) since v(t,x) € C°°(IR + x I 2 \ E U Y,f U T,f) will hold 
true ifv(t, x) is a solution to the 2-D semilinear wave equation d 2 v — Av = f(t, x, v) with (v(0, x), dtv(0, x)) = 
(0,ip(x)), where Eo = {t = \x\}, = {t = ±X\\, and T,f = {t = ±2:2}. The latter well-known result was 
established in the references [1-2], [7-9] and [18] respectively under some various assumptions. 

For m = l,n = 1 and f(t,x,u) = 0, the equation in (1.1) becomes the classical Tricomi equation which 
arises in transonic gas dynamics and has been extensively investigated in bounded domain with suitable 
boundary conditions from various viewpoints (one can see [4], [17], [21-22] and the references therein). For 
m = 1 and n = 2, with respect to the equation d 2 u — tAu = f(t,x,u) together with the initial data of 
higher H s (R n ) -regularity (s > f), M.Beals in [3] show the local existence of solution u £ C([0, T], H s (R n )) n 
C 1 ([0,T],ff s -t(M")) n C 2 {[0,T},H s -^-{W n )) for some T > under the crucial assumption that the support 
of f(t,x,u) on the variable t lies in {t > 0}. Meanwhile, the conormal regularity of H s (R n ) solution u(t,x) 

2 3 

with respect to the characteristic surfaces X\ = ±-r 5 is also established in [3]. With respect to more general 

o 

nonlinear degenerate hyperbolic equations with higher order regularities, the authors in [10-11] studied the local 
existence and the propagation of weak singularity of classical solution. For the linear degenerate hyperbolic 
equations with suitable initial data, so far there have existed some interesting results on the regularities of 
solution when Levi's conditions are posed (one can see [12], [14-15] and the references therein). In the present 
paper, we focus on the low regularity solution problem for the second order semilinear degenerate equation 
with no much restrictions on the nonlinear function f(t, x, u) in (1.1) and typical discontinuous initial data. 

We now comment on the proof of Theorem 1.1. In order to prove the local existence of solution to (1.1) 
with the low regularity, at first we should establish the local L°° property of solution v(t, x) to the linear 
problem d 2 v — t m Av = F(t,x) with (v(0, x), d t v(0, x)) = ((po(x), <fi(x)) so that the composition function 
f(t,x,v) makes sense. In this process, we have to make full use of the special structure of the piecewise 
smooth initial data and the explicit expression of solution v(t,x) established in [23-24] since we can not apply 
for the Sobolev imbedding theorem directly to obtain v(t, x) £ Lf^ c due to its low regularity (for examples, 
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in the cases of (A 2 ) — (A3), the initial data are only in H^~(W 1 )). Based on such L°°— estimates, together 
with the Fourier analysis method and the theory of confluent hypergeometric functions, we can construct 
a suitable nonlinear mapping related to the problem (1.1) and further show that such a mapping admits a 
fixed point in the space L°°([0,T] x W l ) n C([0, T],H s °(M. n ) for suitable T > and some number s > 0, 
and then the local solvability of (1.1) can be shown. Next, we are concerned with the singularity structures 
of solution u(t, x) of (1.1). It is noted that the initial data are suitably conormal under the assumptions 
(Ai) and (A 2 ), namely, IIi<i j< n (xidj) ki3 ip(x) £ H%~(R n ) for any hj £ N U {0} in the case of (Ai), and 
[x l di) kl Tl2<i< n d't l tp{x) £ H*~(R n ) for any feeNU {0} (i = 1, ...,n) in the case of (A 2 ), then we intend to 
use the commutator arguments as in [5-6] to prove the conormality of solution u(t, x) to (1.1). However, due 
to the cusp singularities of surfaces To, I\ together with the degeneracy of equation, it seems that it is difficult 
to choose the smooth vector fields {Zi, Zu} tangent to To or as in [5-6] to define the conormal space 
and take the related analysis on the commutators [<9 2 — t m A, Z^ 1 ■ ■ ■ Z l k k ] since this will lead to the violation 
of Levi's condition and bring the loss of regularity of Z 1 ^ ■ ■ ■ Z l £u (more detailed explanations can be found in 
§4 below). To overcome this difficulty, motivated by [2-3] and [18], we will choose the nonsmooth vector fields 
and try to find the extra regularity relations provided by the operator itself and some parts of vector fields 
to yield full conormal regularity of u(t, x) together with the regularity theory of second order elliptic equation 
and further complete the proof of Theorem 1.1. (i) and (ii), here we point out that it is nontrivial to find such 
crucial regularity relations. On the other hand, in the case of n = 2 and assumption (A3), due to the lack of 
the strong Huyghen's principle, we can derive that the solution u(t,x) C 2 ((0,T] x R 2 \ T U Vf U Tf) of 
(1.1), which yields a different phenomenon from that in the case of second order strict hyperbolic equation as 
pointed out in Remark 1.5. 

This paper is organized as follows. In §2, for later uses, we will give some preliminary results on the regu- 
larities of initial data <p(x) in various assumptions (Ai) — (A3) and establish the L°° property of solution to 
the related linear problem. In §3, by the partial Fourier-transformation, we can change the linear generalized 
Tricomi equation into a confluent hypergeometric equation, and then some weighted Sobolev regularity esti- 
mates near {t = 0} are derived. In §4, the required conormal spaces are defined and some crucial commutator 
relations are given. In §5, based on the results in §2-§3, the local solvability of (1.1) is established. In §6, we 
complete the proof on Theorem 1.1 by utilizing the concepts of conormal spaces and commutator relations in 
§4 and taking some analogous analysis in Lemma 2.4 of §2 respectively. 

In this paper, we will use the following notation: 

H s ~(R n ) = {w{x) : w(x) £ H s ~ s (R n ) for any fixed constant 5 > 0.} 



§2. Some preliminaries 



In this section, we will give some basic lemmas on the regularities of initial data tp(x) in the assumptions 
(Ai) — (A3) and establish some L°° property of solution to the linear problem dfu — t m Au = f(t,x) with 
suitably piecewise smooth initial data. 

With respect to the functions tp(x) given in (Ai) — (A3) of §1, we have the following regularities in Sobolev 
space. 

x 

Lemma 2.1. (i) If ip(x) = g(x, —), here g(x,y) £ C°°(K" x K n ) and has a compact support in 5(0, 1) x 



5(0,2), then <p(x) £ 
(ii) If n = 2 and <p(x) 
ip(x) £ H^~(R 2 ) 



i/ji(x) for xi > 0, x 2 > 0, 

ip2(x) for xi < 0, x 2 > 0, 

^3(2:) for xi < 0, x 2 < 0, 

, 4>a(x) for xi > 0, x 2 < 0, 



where i>i(x) £ C^°(M 2 )(1 < i < 4), then 



(Hi) Ifip(x) = I 



ifii(x) for xi < 0, 
ip 2 (x) for xi > 0, 



, where <pi(x),<p 2 (x) £ Cg°(M n ), thenip(x) £ Hi~(M. n ) andxnp(x) £ 



7f§-(R n ). 

Proof, (i) It follows from a direct computation that 

\d%<p(x)\ < C a \x\-W. (2.1) 
Since ip is integrable on R n , we have that ip, the Fourier transform of ip, is continuous on R™, which implies 

that(i + |£|)#-^(OeL 2 ({|£|<i}). 

For |£| > 1, we decompose <p into two parts 

0(0 = / e- <x - £ ¥>(a;)da; + / e~ ix< <p{x)dx 

J\*\<-fa J^<\x\<l 
n 

= I + II = I + J2xe(0H, (2-2) 
i=\ 

where {xe}i=i is a C°° conic decomposition of unity corresponding to the domain {£ G R" : |£| > 1}, moreover 
& ^ in suppxi- 

Obviously, the term 7 can be dominated by the multiplier of l£j _T1 . 

On the other hand, for any 1 < I < n, 

lei" if A<m<ici l ifl klV 

+ 17i^ ^77 / e ^leT' i r) cos ( n ! xi)dS 

ICr ^ixi=i 161 M 

= / e - fa -ilrflrffl(T?r. A)V 

161" (if ) m A<|x|<i £ | V N7 

= 777 + 7V. (2.3) 



Due to 



3=0 \a\<k-j 

then from (2.1), IV is dominated by the multiplier of |£| _n , and moreover, 



r\ @dx 



a+/3=m 



<ki<i«i 



a+/3=m 

c 



(2.4) 



Therefore, for m > n and |£| > 1, we have |0(£)| < °^ by (2.2)-(2.4), which derives (1 

|£|)'S~' 5 <p(£) G 7 2 ({|£| > 1}) for any S > 0, and further completes the proof of (i). 
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(ii) Without loss of generality, we assume supp tpi(x) C [—1, 1; —1, 1] (1 < i < 4). 
Since 



10(01 = 



Jo Jo J-iJo 



rl 



rO 



+ 



1 r 



Mx)e~ ix< dx+ / / ^{x)e- ix <dx 



C 



for |6I > 1,161 > i; 



161 161 

, §- for|6|>i,|6l<i; 
<< 161 

£ for|6|<i,|6l>i; 

161 

. C for |6| < 1, |6I < 1, 
then from the fact 1 + |£| < (1 + |6|)(1 + 161) one has for any < 5 < \ 

[ (i + iei) 1 - 5 !^)! 2 ^ 

(1 + I6I) 1 



<cn 

i=i 

< c. 



I6I 2 



-de< + c 



\l-6 



Thus, the proof of (ii) is completed. 

(hi) The proof procedure is similar to that in (ii), we omit it here. □ 

Remark 2.1. By the similar proof procedure as in Lemma 2.1. (i), we can also prove: If f(x) G C°°(IR T1 \{0}) 
and has compact support, moreover, \d a f(x)\ < C a \x\ r ~^ for x ^ and r > — then f(x) G _H"?+ r- (R ra ). 

Remark 2.2. Under the assumption (A 2 ), for any a 6 (NU {0}) T1_1 , vie can also have that d%,tp(x) G 
H*- s (R n ) for any S > small, here x' = (x 2 , ...,x n ). Thus, (1 + \^~ S (l + |6) H ^(0 e L 2 {R n ), where 

e' = (6,--- ,6). 

Lemma 2.2. Ifu(t,x) G C([0, T], H*~(R n )) is a solution of the following linear equation 



d?u-t m Au = 0, (t, x) G [0, +oo) x 
w(0, x) = 4>( x ), dtu(0,x) = <p(x), 



(2.5) 



where <p(x) satisfies the assumption (A 2 ), d",ip(x) G H% (M. n ) for all < \a\ < [^] + 1, then u{t,x) G 
L°°([0,T] x K n ). 

Proof. Set y(t,£) = J Sjl u(t,x)e- ix <dx with £ G t n and y"(t,£) = d?y{t,£), then it follows from the 
equation of (2.5) that 



y"(t,t) + t m \t\ 2 y(t,O = 0- 



2t^ +1 \f\ 

Let t = ^ and v{t) = y{t, |f |), then 



m + 2 



d v m dv 

d^ + (m + 2)T~dr 
6 



■v = 0. 



(2.6) 



(2.7) 



4:2 m + 2 Z z 

As in [25], taking z = 2ir = — i 3 | ^ | and w(z) = v( — )e^ yields for t > and |£| 7^ 

777< — r" .Z Z/L 

771 771 

^ + ta-^-^ =0 - (2 - 8) 

(2.8) has two linearly independent solutions wi(z) = $( 2( „^ +2) , z) and w 2 (z) = 2:^2 $( 2( ^+ 4 2) , z) 
by [13], which are called the confluent hypergeometric functions. 
By (2.6)-(2.8) and [23], we have for t > and £ G M" 

y(t,0 = MM£l¥ A (0 + ^(M£l)v A (0 

= lft(t,0 + !fc(f.O (2-9) 

with 

f K 1 (t,|£|) = e-f$(^ 2y ,^;.), 
\ V a (t,|€|) = te-t*( 3 ^ J ,^;z). 

Since *(2(^T2)'^T2^) and $ (2^+%>^+M are analytic functions of z, then ($(2(^+2) , 7^+2 I an d 
|^( 2 (m+ 4 2) ' ^+1? - ^ M ^ or \ z \ - M - For sufficiently large \z\, we have from formula (9) in pages 253 of [13] 
that 

l*<2(^OT>l * ^r"^(l + 0(W-)), |.(J^,£±i;,)| < C|,r*fc(l + ( W -)). 

(2.11) 

From Remark 2.2, we have that for < |a| < [§] + 1 and < S < \ 

0(0= , (2.12) 

[> (i + KiD^i + ieiK 

where <?<*(£) G Z/ 2 (R"), £' = (£2, 

Therefore, for any £ G (0, T], we have 



/ \v2(t,tM<ct[ 

JR™ JR' 



2i f^^Pm T . m + 4 m + 4 4i m+2 
2(m + 2) m + 2 m + 2 



< ct^Ur 



m + 4 m + 4 A (m + 2)?? N 

2(m + 2) m + 2 2£t~ 



i , _ A , (m + 2 )^ 

(1 + ^12)4(^+21 2£— 



<Ct(^) n ^-^\^{^^)\dn (by (2.11)) 



2£ 2 Jr 

<C a tC^-^Y 2 ( [ — —3 ^ dr/V (by (2.12)) 

" " l 2£^ Ur- (1 + H2)^T (1 + ^) 1 - 25 (1 + ^) 2H V 

/ /■ 1 1 1 \ 2 n n 

- Ca \L (H^l^d + Wrd + Ml'Hl (Ch0 ° Smg W = [ 2 ] + 1 > 2 > 

- (/ R (i + M)^ 1 ) 2 ( choosing 5 < > 



<C T (choosing <5<^^y). 



Similarly, 



|»(«)K<C( 



2i 2 



m + 2, „ 



. tt~i m A (771 + 2)77, 



1 



v 2(m + 2)' m + 2' 
1 



2*^ 



dry 



1 



(1 + M2)5T^J (1 + J^)3-2 5 (1 + J^)2|«| 

t 2 t 2 

1 

1 



(h] 



(1 + Ir/ij) 3 " 25 (1 + |?7'|) 2 I Q I 



dr) 



< C T (choosing \a\ = [-] + 1 and < S < 1). 

Thus, |u(M)| < / RB \y(t,£)\dt < / R „ + / R » < C t for (i,x) £ (0,T] x R n , and then 

Lemma 2.2 is proved. □ 

Lemma 2.3. Iff(t,x) G C([0, T], J? S (M")) andd%,f(t,x) e L°°([0, T],H s (R n )) with s > \ and\a\ < [f] + l, 
v(t, x) is a solution to the following problem 



f dfu - t 
I «(0,a;) 



2„, _ + m Au = ^(f ) ; C ) ) 



d t u(0,x) = 0, 



iftera w(i,x) G L°°([0,T] x R"). 

Proof. By the assumptions on f(t,x), we have 



where e L°°([0, T], L 2 (M")) and |a| = [f] + 1. 

From (2.13), we have 



t (t,x) = (f\v 2 (t, \Z\)Vi(t, - V^t, \£\)V 2 (t, \Z\))f A (T,0dSj (t,x), 



where the expressions of Vi(t, |£|) and V^t, |£|) are given in (2.10). 
It is noted that 



\t,0\< [ t \V 2 (t,\t\)V 1 (T,\t\)nr,0\dT+ /Vi(^iei)^2(r,|C|)/ A (r,0l^ 
J jo 



=1 + //. 



(2.13) 



(2.14) 



2 m + 2 

Set 77 = 1 2 £ ; we have 



m + 2 



m + 4 m + 4 



2(m+2)' m + 2 



;2z|77|) ||<J>( 



|/|<C* /*|$( 
Jo 



m m _ ,r, m+2 



2(m+2)'m + 2' v i 



;2i(-)^M)||/ A (r 



(m + 2)r) 

1 „ m + 2 
2t2 



)\dr 



(i + ^) s (i + ^r) |Q| 



dr 



and thus 



/ \m<C a t 1 ~ i ^ f dr(( — 

JR™ JO \JR" (1 



(i + |^|)^(i + m^D^i + + ^)2i«i 



ch] 



< C„< / dr( I ( 1 + |, 1 |)!.( I 1 + W |)2W''1 



/*(/ 

Jo \JK' 

< C«i 2 . (2.15) 



On the other hand, due to 



r\g a (r,^^)\ 



\H\ < C a j\l + \ V \)-^(1 + (I)^)-^ 2t j ^ 



then we can obtain as in (2.15) 

\II\d£ < Ct 2 . (2.16) 



< Ct 2 . 



JR™ 

Substituting (2.15) and (2.16) into (2.14) yields 



/ l« A (*,« 

Jr™ 



Consequently, |u(t,a:)| < J* R „ |« A (£,£)|d£ < Ct 2 , and the proof on Lemma 2.3 is completed. □ 

Finally, we study the L°° property of solution to the 2-D linear problem (1.1) under the assumption (A3). 

Lemma 2.4. Ifu(t,x) € C([0,T], (M. 2 )) is a solution of the following linear problem 

f d 2 u-t m Au = 0, (t,x)e[0,T]xR 2 , 
\ u(0,x) = 0, d t u(0, x) = <p(x), 

where tp(x) satisfies the assumption (A3), then u G L°°([0,T] x M 2 ). 

Remark 2.3. -Dite to <p(x) € #2 ~(R 2 ) by Lemma 2.1. (ii), then the optimal regularity of the solution u(t, x) 
to (2.17) is L°°([0, T], H (M 2 )) fsee Proposition 3.3 in §3 below). Thus, form > 2, we can noi derive 

u(t,x) £ L°°([0,T] x R 2 ) directly by the Sobolev imbedding theorem. On the other hand, the proof procedure on 
Lemma 2.4 will be rather useful in analyzing the singularity structure ofu(t,x) in §6 below. 

Proof. In terms of Corollary 3.5 in [24], we have the following expression for the solution of (2.17) 

u(t,x) = 2tC m (<t>(l))t>^F( 1 , 1 -l;l) [ (l-s 2 )-\d t v)(s<t>(t),x)ds, (2.18) 

Jo 

where C m = ( 2 )^2~^T2, 7 = m , ^(7, 7! 1; 1) = F(l,T, l;z)U=i with ^(7,7; 1; z) a hypergeo- 
m + 2 2(m + 2) 

metric function, which satisfies z(l — z)lj"(z) + (1 — (27 + I)z)lo'(z) — ^/ 2 lo(z) = 0, and v(t, x) is a solution to 

the following linear wave equation 

dfv-Av = 0, v(0,x) = 0, d t v(0,x) = <p(x). (2.19) 

From (2.19), we have 

V{t > X)= 2^ J B(x>t) v/t 2 -^^^) 2 -^-^) 2 ^' (2 ' 20) 
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Let Vi(t, x) be the smooth solution to the linear wave equation dfvi — Avi = with the initial data (vi(0, x), 
d t Vi(0, x)) = (0, ipi{x)). Then it follows from (2.20) and a direct computation that for t > and X\ > 0, x 2 > 
(in other domains, the expressions are completely analogous) 

vi{t,x) for — > 1, — > 1; 



u(t, x) 



wi(t,aO + Ji(t,a;) fory<l, y>l; 
v 1 (t,x) + I 2 (t,x) for < 1, -j- > 1; 

«i(i,a;) + /i(t,a;) + 7 2 (M) for < a;i < i, < s 2 < M > i; 
_ vi(t,x) + 7i(t,a;) + / 2 (t,a;) + h{t,x) for xi > 0, x 2 > 0, < t 



(2.21) 



with 



A(M) 
h(t,x) 
h(t,x) 



— / rdr 

2ir 



Vt 2 - r 2 



— / rdr 

— [ rdr [ 

2 ^ J\x\ J a 



d6, 

de, 



■arccos(—^) 
■ arccos ( — ) yji?" 
arcsin(-) 



where w = (cos6, sinff), r = \J\x\ — £i[ 2 + \x 2 — £ 2 | 2 and (x\ — £1, x 2 — £ 2 ) = (rcos9, rsinO). 

Due to tp(x) € //5 _ (]R 2 ) by Lemma 2.1.(ii), then it follows from the regularity theory of solution to linear 
wave equation that 

v(t,x) £ C([0,T],^i-(M 2 ))nC 1 ([0,T],^-(M 2 )) C W^^T] x M 2 ). 
Thus, we can take the first order derivative d t v piecewisely for t > and x\ > 0, x 2 > as follows 
d t vi(t,x) for y- > 1, > 1; 



d t v(t,x) 



d t v 1 (t,x) + d t I 1 (t,x) fory<l, y>l; 
d t v-i{t,x) + d t h{t,x) for < 1, y > 1; 



(2.22) 



d t vi(t,x) + d t h(t,x) + d t I 2 (t,x) for < cci < i, < a; 2 < *, M > £; 
dtv^x) + 9 t 7i(t,x) + a t 7 2 (t,a;) + SfJ 3 (t,a;) for n > 0, x 2 > 0, < t. 

Here we only treat the term d t I^ in (2.22) since the treatments on d t I\ and d t I 2 are analogous or even 
simpler in their corresponding domains. 

If we set ip = tpi + ip3 — 1P2 — ip4, then it follows from a direct computation that for x\ > 0, x 2 > and 

\x\ < t 



h(t,x)= / _d& / 



v* 2 -(^i-«i) 2 V* 2 -\ x ~ ci 2 



^ 2 



(2.23) 



Taking the transformations x = ty and £ = £77 in (2.23) yields 



I 3 (t,ty) = tJ{t,-) 



where 



./(*,*) = / , d m / 

•/ 2l--y/l-2| J22-yl 
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<*72 



for < \z\ < 1 and z\, z 2 > 0, 



which derives 



and thus 



d^h{t, x ) = (&j)(t,|), d 2 i 3 (t,x) = (d 2 j)(t,^) 



dth(t,x) = — h - 



t 2 —Xo J XI- 



It is noted that for x\ > 0, x 2 > and Ire! < £, 



"52 " • 



(2.24) 



|« r /. M I i- h(t,x 1 + h,x 2 )-I 3 (t,x 1 ,X2), 

\dih{t,x)\ = hm 

h^o h 



[ d& / 

J Xl -^/W=xl Aa-v'^-txi-i!) 2 Vt 2 - | a; - C| 

■/Xl — \/t 2 — X 2 . J X 2 



ft-/" 



Xl — \/t 2 — x\ 




=H = <% 2 + I i>(0, a; 2 - s^t 2 - x 2 )d(arcsins) 

X c «/ 1 



->/*- 



-V* 2 -(xi-6) 2 \/i 2 - |x-£| 



"?2 + ^(0, 0)araszn( 



<C T 1 



7^(0, x 2 - \jt 2 — %\) + \jt 2 — x\ j ^/ t2 ~ x i d2ip(0, x 2 - s^jt 2 — x\)arcsins ds 

+■ /° , / 

Jxi — \/t 2 — xl Jx 



u<; i / — -===== 

^/W^x 2 J^-^ft 2 -^-^) 2 V* 2 - \x - C| 2 



<Cr(l+t) 



(2.25) 



and 



|9 2 / 3 (i^)| 



/•0 />0 

/ / 

^i-yi 2 -^ J X2- 



V* 2 -(xi-«i) 2 \/i 2 -|a;-C| 2 



"' : ' '' " ! d£ 2 + V>(0, 0)arcsm(^J==) 



~~ T^fai - \jt 2 ~ x l, 0) + \Jt 2 - x\ j V % d\i\){x\ - s\Jt 2 - xl, Q)arcsins ds 
<C T (l + t) 



(2.26) 



On the other hand, analogous computation yields for xi > 0, x 2 > and |x| < t < T 



,h(t,x) 



< Ct and 



1 /-° /-° 
T / / / 

■'xi— yt 2 — x 2 Jx2- 



02_ (a;i _ fl) 2 ^2 - |x - £| 



< C T . (2.27) 



Therefore, d t h(t,x) G L°° in the domain {(t, x) : Xi > 0,x 2 > 0, |x| < t < T} by (2.24). Similarly, we 
can obtain d t I±(t,x) G L°° and d t I 2 (t,x) G L°° in the related domains, and thus d t v(t,x) G L°°([0,T] x R 2 ). 
These, together with (2.18), yield 



u(t,x)eL°°([0,T} xl 2 ) and ||u(t, 01^=^) < ||^(a;)|| i. 



(2.28) 



i=i 



Consequently, we complete the proof of Lemma 2.4. □ 

Remark 2.4. It is not difficult that by the expression (2.21) ofv(t,x), one can get v(t,x) G C°°((0, T] x 
t 2 \E UE±U E*), w/iere E = {(t,x) : t > 0, |x| = i}, = {(i,x) : t > 0, Xi = ±t} and = {(t,x) : 
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t > 0,x 2 = ±t}. On the other hand, v(t,x) C 2 ((0,T] x R 2 ) since v(t,x) has a strong singularity when the 
variables (t, x) go across Eo U Ef U T,f. Indeed, for example, it follows from (2.25) and a direct computation 
that for x\ > 0, x 2 > and \x\ < t 



d 2 12 i 3 (t, X )= f [° d MM dj 2 + _ 

Jxr-^/t^xJ Jx 2 -V* 2 -(^i-«i) 2 V t2 ~ \ x ~ CP V* 2 



3^(0,0) 



2* 



{^p(x\ — \Jt 2 — x\, 0)^ + \jt 2 — x\ j ^ 3=2 d\t\){x\ — s\j t 2 — x\, Q)arcsinsds 

- ^d 2 ip{0,x 2 - sjt 2 -xl) + y^ 2 - x\ J V* 5 ^! df V>(0, x 2 - s^Jt 2 - x\)arcsinsds 
3^(0,0) + bounded terms ( 2.29) 



v 7 ^ 

Thus, (2.29) implies d\ 2 Iz(t,x) — ► oo as (t,x) — > Eo since V>(0) 7^ can be assumed without loss of generality 
(this is due to the assumption of ipi(Q) 7^ ipj(0) for some i 7^ j and l<i<j<4in (A3) and the different 
expressions of ip(x) in the related domains {{t,x) : t > 0,±a;i > 0,±x 2 > 0} respectively). In addition, by 
an analogous computation, we can derive that d 2 2 I\(t,x) and df 2 I 2 (t,x) are bounded for x\ > 0,x 2 > and 
\x\ < t. Hence df 2 v(t,x) —t 00 as (t,x) — > Eo and further v(t,x) C 2 ((0,T] x R 2 ) is proved. However, by 
the expression (2.18) and due to the lack of strong Huyghens' principle for the Tricomi-type equations, we can 
show that the solution u(t, x) C 2 ((0, T] x R 2 \ To U Tf U Tf) of (2.17) holds true in §6 below, which implies 
an essential difference between the degenerate equation and the strict hyperbolic equation. 

§3. Some regularity estimates on the solutions to linear generalized Tricomi equations 

At first, we list some results on the confluent hypergeometric functions for our computations later on. 
The confluent hypergeometric equation is 

zw"(z) + {c- z)w'(z) - aw(z) = 0, (3.1) 

where z G C, a and c are constants. The solution of (3.1) is called the confluent hypergeometric function. 
When c is not an integer, (3.1) has two linearly independent solutions: 

wi(z) = <E>(a, c; 2), w 2 (z) = z 1 ~ c ^(a - c + 1, 2 - c; z). 
Below are some crucial properties of the confluent hypergeometric functions. 
Lemma 3.1. 

(i) (pages 278 of [13])). For —ir < argz < ir and large \z\, then 

d> (flj c . z) = _Eg (e^z-y J2 (a) " (a ~, c+1) " + o(\ z \- a - M - 1 ) 

v 1 n=0 

+ ^f\e z z a ~ c J2 (C ~ a) " ( , 1 ~ a) " 2-" + 0(\e z z a - c - N - 1 \) , (3.2) 

v 1 n=0 

where t = 1 if Imz > 0, e = — 1 if Imz < 0, (a)o = 1, (a) n = a(a + 1) • • • (a + n — 1), and M, N = 0, 1, 2, 3.... 

(ii) (page 253 of [13]). <E>(a, c; z) = e 2 <l>(c - a, c; -z). 
(Hi) (page 254 of [13]). 

d n (a) 

— ^(a,c;z) = ^^(a + n,c + n;z) (3.3) 
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dz 

For such a problem 



d 1 — c 
$(a, c; z) = ( <E>(a, c; z) - $(a, c - 1; z) ). (3.4) 



<9 t 2 u - t m Au = 0, (i, x) e [0, +oo) x R n , ^ 
u(0,x) = (j>i(x), d t u(0, x) = (j) 2 {x), 



by the results in [23] , one has for t > 

« A (t,o = v^t, tei)^(o + v 2 (i, (3.6) 

where the expressions of V±(t, |£|) and V^(f, |£|) have been given in (2.10). 

In order to analyze the regularities of u A (t, £) in (3.6) under some restrictions on (f>i(x)(i = 1,2), we require 
to establish the following estimates: 

Lemma 3.2. For < Si < 2 (m+2) > ^ — 52 — 2(m+2) anc ^ som - e /fcreci positive constant T, if g(x) € iP(R n ) 
wii/i s6M, i/ien we have for < t < T 

* I ll(^,|£l)<? A (0) v ll^+- <ci 1 - £ ^yi^. 

(iiW H (3g) 

( || (d t V 2 (tM\)g*(0) \\ H s-^ <C\\g\\ H . 

Proof, (i) First, we fix t = (^^j^)™^ to show (3.7) (in this case, the corresponding variable z in (2.10) 
becomes z = 2i|£|). Subsequently, for the variable t, as in [25] and so on, we can use the scaling technique to 
derive (3.7). 

Since <E>(a, c; z) is an analytic function of z, then $( 2 (m+2) ' ^T2' 2 *l£l) an d ®( 2 (^+ 2 ) i ^+1? 2 *l£l) are bounded 
for |£| < C. On the other hand, it follows from (3.2) that for large |£| 



and 



Thus, for any si € [0, 2 (m+2) \ anc ^ S2 e P> 2(m+2) b by a direct computation, we arrive at 

ll(^i((^)^,^l)5 A (0) v ll^ 

+ le|2) "* ( 2(^) ' ^T2 ; ^DH^IK 1 + Kl 2 ) V(0IU° 

<C|| fl || ff . (3.9) 

and 

IKM^)^, ICI)5 A (0) V Hh— < C|| 5 ||^. (3.10) 
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Next we treat \\(Vi(t, |C|)ff A (0) V |l/r»+»i and IIOM*, |CI)3 A (0) V ||ff»+"2 • To this end, we introduce the follow- 
ing transformation 

2 m + 2 



m + 2 



and then we have 

\\(Vi(tM\)g A (Oy\\ H ^ 

a + iei 2 )*e-^ 



m + 2 
* — = — l€l 



4i 



2(m + 2)' m + 2' m + 2 



dt; 



(1 



(m + 2), |2) . 

t 2 



2(m + 2) m + 2 



;2^|)G A W 



drj 



and 



ii(v 2 (t,iei)3 A (e)) v n^ 



m + 2 



(1 + 



(m + 2)r/ |2 s£2 , m + 4 m + 4 



2(m + 2)' m + 2 



2^|)G A (r,) 



here and below the notation G A (r/) is defined as 



G A (r,)= 1 + 



(m + 2)77 



2rj" 



5 A ( 



(m + 2)77 



)• 



It is noted that 



\\G*(r,)\\ L 2 = ([ |(1 + |£|W(0| 2 ( 



m + 2 



Additionally, for < t < T and a > 0, we have 

(m + 2)m 2 



2t^ 



Thus, we obtain from (3.11)-(3.14) that for < t < T 
11(^(^1)^(0)1^ 



<cr 



L (m + 2) n(m + 2) / „ »i m m 



;2iM)G A fa)| 2 d»,) 



ai (m + 2) n(m + 2) 

=Ct 5 j — 



l|G A (r/)|U2 



<Ct~ 



»l(m+2) 



and 



ll(^(t,|CI)5 A (0) v ll^ 2 

Consequently, we complete the proof of Lemma 3.2. (i). 

(ii). It follows from a direct computation and (3.3)-(3.4) that 



s 2 (™ + 2) 



\H>- 



W(t,\Z\) 

. m + 2 _™_ ^_ 

= 2t( )™ + 2 |£| m+2 Z m+l 



4i 

+_ 

4i 



1 m m , 1 3m + 4 2(m + l) 
_ g 2(p( 21 H — e 2 <j>( — '- 

2 v 2(m + 2)'m + 2' ' 2 v 2(m + 2)' m + 2 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 
(3.16) 



. m + 2,_m_ l-M _2_ _™_ 3m + 4 2(m + 1) m 
=*(— r— )™+2|^|™+2z™+2e 2 $( _i — — ^,z) - $( 



m 



'2(m + 2) m + 2 
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2(m + 2)' m + 2 



(3.17) 



and 



........ ... , m + 4 2 (m + 2)z m + 4 m + 4 , 

W*,K|) = c ,[^ w -^,—, z) -— r - *(__,_,*)). (3.18) 



Thus, in terms of (3.2), we have for large |z| 

, m + 2. m ... 2 m = , 3m + 4 2(m+l) .. ._. m m 

<K^)^l^^e-,|^(^^,^^,,)| + | $( ^^,^,,)| 



and 



i + 4 



<CiT(i + 1^|^)4(^+2) (3.19) 



m + 4 



IW.KI)l<|e-*l(l*( 2(m+2)>rn + 2 ,.,., 4 



2 ,. ,(m + 2)z . m + 4 m + 4 

>*)l + I" — — - -.2) 



<CtT(l + [^| 2 )4I7ST2T. 

Next it suffices to estimate || (^i V 2 (t, |6|)s A (0) V || • 



# 2(m + 2) 



v 2(m + 2)' m + 2' 



(3.20) 

since the treatment on (dtV\(t, |£|)<7 A (£)) V i s 



completely analogous. 

As in (i), we fix t = ( 22 j^)" I + 5 . In this case, by the analytic property of <&(a, c; z) and (3.20), we arrive at 



|| ( 1 + ^-^9^(^+1)^-^ |^|) s A (0 || ia 



<ii(i + iei 2 )" 3 *^v 2 ((^±^) 



= ll(i + l£l 2 )Vll 



L 2 



<C\\9\\h.- 
For any t > 0, we have 

IIGWM£l)3 A (0r 



'fl- 2( m + 2) 



(1 + |£| 2 )-3T^e-^T2-* m2+2 l«l ( $( 



m + 4 



4i 



2(m + 2)' m + 2' m + 2 



l 2(m + 2)' m + 2' m + 2 



2t— \ Jr.™ 
-*(m + 2)H*( 



(m + 2)r/ . 



m + 4 



(i + r^'T r*™ ( ^( ;r, 2 *M) 

2£ 2 

m + 4 m + 4 



v 2(m + 2)' m + 2' 



,2^1) G A (7?) 
2(m + 2) m + 2 / 



(ir/ 



(3.21) 



(3.22) 



Substituting the estimates (3.13) and (3.21) into the expression (3.22) yields for < t < T 

15 



\\(d t v 2 (tM\)g A (t;)) v \\ H s-^ 
<ct-^\\(i + \ v \T^d t v 2 ((^)^,\v\)\\^\\G^ v )\\ L , 

<C\\g\\ H s. 

By a similar way, the following estimate of ||(<9 t Vi(£, |£|)5 A (0) V |I - , m + 4 can be obtained for < t < T 

HdtV^Dg^OrW^^ <C\\g\\ H ,. 
Thus, we complete the proof of Lemma 3.2. (ii). □ 

Based on Lemma 3.2, we can derive the following estimates for the solution of (3.5). 

Proposition 3.3. If fa £ H s (R n ) and fa £ H s ~^^(R n ) with set, then (3.5) has a solution u(t,x) G 
C([0,T],7? i XK r 0)nC'((0,T],// s+ 'T^(M ri ))nC 1 ([0,T],^ i '" 5 ^^(M™)) which admits the following estimates 
forO<t<T 

\Ht,.)\\ H ^ ) + ^\\u(t,.)\\ HS+ ^ {Rn) + ||^v)IK_^ (Rre) < cmfau^ + \\fa\\ HS _^ (Rn) ). 

Proof. In Lemma 3.2, if we take S\ = or si = 2 (m+2) anc ^ s 2 = or s 2 = 2 {ni+2) respectively, then 
Proposition 3.3 can be shown. □ 

Next, we consider the following inhomogeneous problem 

( d^u- t m An = f(t,x) 

\ u(0,x) = 0, u t (0,x) = 0. 

As in (2.14) of Lemma 2.3, one has 

« A (f,0 = [\v2(t, |ei)T4(r, - V^t, \C\)V 2 (t, mf A (r,C)dr. (3.24) 



Based on Lemma 3.1-Lemma 3.2, we can establish 

Lemma 3.4. If f(t, •) £ C([0, T],H s (W n )) with set andT a fixed positive constant, then for t G (0, T] 

f \\u(t,-)\\ Hs+P1 <Ct 2 -*( m + 2 )||/(^, a; )|Uoo ([0iT]iH , ) , (3.25) 
{ \\d t u{t,-)\\ H ,-^^+ V2 <C p ^-^^\\f{t,x)\\ L ^ {[Q>T]tHa) , (3.26) 

f m + 8 , 

1 tOT Tfl ^* 4 

w/iere < pi < pi(m) = < 2(m + 2) " and p 2 < p 2 (m) = min{^^, 2 (™ +2) }- 

[ 1 for m < 4 
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Proof. It follows from the Minkowski inequality and (3.24) that 

\\u(t,-)\\ HS+P1 < jT ^^J(l + |e| 2 ) i + *(V 2 (t,|C|)Vi(r,|C!) -Vi(t,tei)^(r,|ei))/ A (r,0! 2 ^) 2 dr 

< f 11(1 + \e) i+P ^V 2 (t, \£\)Vi(t, |ei)/ A (r,OIU^r 
Jo 

+ f 11(1 + ie| 2 ) f + *^i(^ |£|)V 2 (r, iei)/ A (T,oiu^T 

Jo 

=h+h- (3.27) 
Let pi = si + s 2 with < Si < min{ 2 (m+2) > mT^l an( l < s 2 < 2 (m~+2) > then we have by Lemma 3.2 

h < Ct 1 -" 2 ^ f ||(1 + |a 2 )*^i(r, |C|)(1+ IC| 2 ) f / A (r,OIU^r 

<^"^ /V^||/(t,.)||^t 
Jo 

<Ct 2 " £1 ^ ±21 ||/||^ ([ o,T]^). (3.28) 

On the other hand, if we set pi = §i + s 2 with < Si < 2 (m+2) all£ l ^ *2 < min{ 2 (m"+2) > 1' tnen we 
have by Lemma 3.2 

Jo 

<Ct 2 " £1 ^ ±2i ||/||^ ([ o,T],^). (3.29) 

Substituting (3.28)-(3.29) into (3.27) yields (3.25) for < v\ < Pi(m). 

Next, we show (3.26). 

Due to ^ 

d t u A (t,0 = J (d t v 2 (t, |^|)Vi(r, |£|) - dtV^t, \t\)v 2 (r, |CI))/ a (t,0^ 

then one has by Minkowski inequality 
!!$«(*,■) 



'H 2( m + 2) 



< I ( [ (i + l^n^^+^W^JCI^i^J^D-^^icD^T,^))/^,^ 

Jo \Jr" 
Jo 

+ f 11(1 + tCt 2 ) 1 mi "{^5%^>- 2;2i: ^a t I/ 1 (^ |£|)V 2 (r, |C|)/ A (r,C)|U2dr 

Jo 

=h + h- (3.30) 
Applying for Lemma 3.2 yields for < t < T and < r < T 

h <C f ||(1 + |£| 2 )^i(t, |£|)(1 + |C| 2 ) f / A (r,0IU2dr 
Jo 

<C /"*r-^||/(r,-)|| ff .dT 
Jo 



<C P2 t 1 - a * 2 «||/|| L oo ([0> Ti,».) (3.31) 
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and 



h < c f ii(i + iei 2 )^ mi " { ^r^ } - £2i: ^ £1 v 2 (r, iei)(i + iet 2 ) f / A (r,e)|| i2 dr 

Jo 
Jo 

<C P2 t 2 -^ 2 ||/|| L ^ ([0jT] ^). (3.32) 

Substituting (3.31)-(3.32) into (3.30) yields (3.26). 
Consequently, Lemma 3.4 is proved. □ 

§4. Conormal spaces and commutator relations 

In this section, we will give the definitions of conormal spaces related to our problems. To this end, as the 
first step, we look for the basis of vector fields tangent to some surface (or surfaces). 

Lemma 4.1. Let r = {(t, x) : t > 0, \x\ 2 = -^}, then a basis of the C°° vector fields tangent to Tq 

is given by 

L = 2td t + {m + 2)(x 1 d 1 + ■■■ + x n d n ); 

^ = 2t rn+1 di + (m + 2)xidt, i = 1, 2, • • • , ra; 

Lij = Xidj — Xjdi, 1 < i < j < n. 

Proof. At first, we prove such an assertion: 

Given a smooth function c(t,x) vanishing on To, then there exists a smooth function d(t,x) such that 

c(t,x) = d(t,x)(\x\ 2 - (? ^ + + 2)2 )- (4.1) 

Indeed, it follows from Malgrange Preparation Theorem (see Theorem 7.5.6 of [16]) that there exist smooth 
functions C\(t, x), C2(t, x) with x = (x±, x„_i) and d(t, x) such that 

At m+2 

c(t, x) = d(t, x)(\x\ - — ^ ) + X n Ci(t, x) + c 2 (t, x). 

For (t, x) e r , we have 



At m+2 

= ±a(t,x)\l- —2 - \x\ 2 + c 2 (t,x). 

" (m + 2y 

This yields ci(t, x) = c 2 (i, x) = 0. Hence, we complete the proof on (4.1). 
Next we use the induction method and (4.1) to prove Lemma 4.1. 

For n = 1, we assume that the vector field L = a(t, xi)di + b{t,x\)dt is tangent to = {x\ = ^Tjj}' 

{in -\- l ) 

which means 

L(x 2 - ^L) = 2a(t, X1)X1 - , on rj. (4.2) 

By (4.1), we know that there exists a smooth function d(t, Xi) such that 

2a(t,x 1 )x 1 - = d(t, Xl )(x 2 - (4.3) 

111 ~\~ _ [ill ~\~ Zj I 
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This derives 

> (t ,0> = « 

On the other hand, it follows from (4.3) that there exist two smooth functions bi(t, X\) and di(t, X\) such 
that 

2a(t, Xl ) Xl - m 0) + y ' Xl >h m+1 = (d(t,0) + d 1 (t,x 1 )x 1 )(xl-j^^y (4.5) 
Substituting (4.4) into (4.5) yields 

y ' m + 2 

Therefore, 



L = a(t,X!)di + (b(t,0) + h(t, xi)xi)9 t 



m + 2 2(m + 2) 2(m + 2) 

''• ' /:/ U . f ^ . ) , 



m + 2 (m + 2)V V 2 ( m + 2 ) 2(m + 2) 

This yields the case of n = 1 in Lemma 4.1. 

By the induction hypothesis, we assume that Lemma 4.1 holds for n — 1. 
We now show the case of n. 

n 

Assume that L = ao(t, x)dt + <Zj(£, x)9i is tangent to To, and we rewrite L as 

i=i 



L = y^Otft, x, 0)dj + y^bi(t,x,x n )x n di 

i=0 i=0 

n 

= M„_i + a n (t,x, 0)d„ + ^ bi(t,x,x n )x n di 

i=0 

n-1 

where x = (x\, x„_i), do = dt, and M„_i = ctj(f, 5, 0)<9j. 

i=0 

We can assert that M„_i is tangent to the surface {lil 2 = -^}. 

(m + 2) 2 

Indeed, due to 



Afm+2 Afm+2 / " Afm+2 

L(\xf - T - TW ) = M„_ l( |*| 2 - I - w ) + ,„(2a„(M,0) + $>*( N » - 



A£m+2 ^J.m+2 rfj.m+2 ^rn+2 

and L(|ie| 2 -- —5-) = Oon{|:r| 2 = —5-}, then L(|a;| 2 - — ^) = holds true on{|i| 2 



(m + 2) 2 ' u 1 (m + 2) 2J ' 1 (m + 2) 2/ u 1 (m + 2) 2 

^j.m+2 ^fm+2 

0,x n = 0} and further M n -i{\x\ 2 - —=) = on {\x\ 2 = — -} is derived. 

(m + iy (m + iy 

By the induction hypothesis, we know that M„_i can be expressed as a linear combination of L Q n = 2tdt + 

(m + 2)(x 1 d 1 + ---+x n - 1 d n - 1 ), L\ n - 1] =2t m+1 d i + {m + 2)x i d t (i = 1,2,--- ,n-l) and L^ _1) =x i d j -x j d i 
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(1 < i < j < n — 1). On the other hand, we have x n d t = j^+^L^ — ■^jp2.t m+1 d n and x n di = L^/ + Xid n . 
Thus, we can arrive at 

L = a(t,x)d n +p(L^\Lf l) ,L ( i f) 1 < i<j < n , (4.7) 

where a(t,x) is a smooth function, p{L^\L^\L^ l )\<i < j< n represents a first order polynomial of L Q n \ 

, ...,Ljj with 1 < i < n and 1 < i < j < n respectively. 

Since L and Lq , L\ n \ are all tangent to To, then one has a(t, x) = on To- This yields that 

there exists a smooth function d(t, x) such that a(t, x) = d(t,x)((m + 2) 2 \x\ 2 — 4t m+2 ). It is noted that 

n-l 

((m + 2) 2 \x\ 2 -At m+2 )d n = {m + 2)x n L ( ™ ] -2tL { n ] - (m + 2) 2 ^ . This, together with (4.7), yields the 

»=i 

proof on Lemma 4.1. 

In order to apply for the commutator argument to treat our degenerate equation whose characteristic cone 
and characteristic surfaces have cusp singularities, we will use the following revised vector fields tangent to IV 

L = 2td t + (m + 2)(x 1 d 1 + ■■■ + x n d n ); 

U = 2t^ +1 8i + (m + 2)^rd t , i = 1, 2, • • • , n; 

Lij = Xidj — Xjdi, 1 < i < j < n. 

Let [A, B] = AB — BA denote the commutator of A and B. By a direct computation, one has 
Lemma 4.2. For 1 < i < n and 1 < i < j < n, 

[I/o, Li] = 0; [Lq, Lij] = 0; 

[Li, Lj] = 2(m + l)(m + 2)L t] + m{m + 2 \ j^L t - j^L,); \L U L %J \ = L r , 
[L k ,Lij] =0 for k 7^ i and k ^ j; 

[Lij,L k i] =0 for 1 < k < I < n, k ^ i,l ^ j; [L ij7 L ik ] = L kj for k ^ j. 
In addition, let P = d 2 — t m A, then 

[P, Lq] = 4P, [P, L i3 ] = 0, [P, Li] = -m(m + 2)^P + ^J^ U 

Remark 4.1. If we choose the smooth vector fields Li = 2t m+1 di + (m + 2)xidt instead of Li in Lemma 4-2, 
then a direct computation yields that for 1 < i < n 

[P, Li] = mt" 1 - 1 (diL + {m + 2)J2 dj L H + ( n ( m + 2 ) - 2)0^ 

and 

[P, L'1 l ] will include the term ((m + 2)x i ) m ~ 1 m\ld i L + (m + 2) ^ djL^ + (n(m + 2) - 2)<9, 

When the conormal regularities of solution u{t,x) to problem (1.1) are studied, we will meet the following 
problem 

PLTu = LT(f(t,x,u)) + [P,LT]u. 
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By Proposition 3.3, under the assumptions (A2) — (^3), one can only expect u(t,x) G C([0, T], H 2 + m + 2 ), 

which implies PL™u = L?(f(t,x,u)) + some terms of C([0, T], ~i~ (M™)) and thus only Lfu G C([0, 

T], 77 m + 2_5_ (R n )) can oe expected by Lemma 3.4- Hence, for large m, one just only obtains L™u G C([0,T], 

77 _ 2(R")) ; which leads to the loss of regularities of L™u and more losses of regularities of {L\u}i> m can be 

produced. It is noted that L\u G C([0, T], L 2 (K™)) k > m should be obtained in order to show Theorem 

1.1. Hence, one can not use the smooth vector fields and commutator arguments directly to show Theorem 1.1. 

+ 2t^ 
Next, we introduce the vector fields tangent to T 1 = {(t, x) G R+ x R" : xi = ± -}. 



Lemma 4.3. The following vector fields are tangent to Tf 



± 



~m + 2 J 



L = 2td t + (m + 2)x 1 d 1 , L x = 2t^ +1 di + (m + 2)^d t , R k = d k ,2<k<n. 

1 2 

Moreover, we have the following commutator relations: 

[Lo,Ii]=0; [L ,R k ] = -(m + 2)R k fork>2; [L 1 ,R k ]=0 for k > 2; 

[P,Lq] =AP + 2mt m J2d i R i ; [P, L x ] = -m(m + 2)-|^P + 2) £i; [P,R k } = fork>2. 

Proof. This can be verified directly, we omit it here. □ 

Remark 4.2. In the expression of commutator [P,L~i], there appear a singular factor — before L\. This 
will produce such an equation on L\u from (1.1): 

— Tn {rn ~\~ 2^ — — — x\ 

PLlU ^2 — LlU ~ a; ' u ) L i u = ( i i/)(*> x > u ) - m i m + 2 )^m+r/(*> x > u )- 

Such a degenerate equation with a singular coefficient has a bad behavior near t = 0, and thus it is not 

suitable to use the commutator argument on L\u (or more general L\u) to derive the regularity of L\u(or 
L\u). 

Based on the preparations above, we will define the conormal spaces which will be required later on. To 
this end, such terminologies as in [2]- [3] are introduced: 

{Mi, • • •, M k } stands for a collection of vector fields with bounded coefficients on an open set fl C M™ such 
that all commutators [Mi, Mj] are in the linear span over C°°(fi) of Mi, • • •, M k . 

Definition 4.1 (Admissible function) A function h{x) G L°° (Q.)C\C°° {iT) is called admissible with respect 
to {Mi, ...,M fc } if M( x ■ ■ ■ M{ k h G L°°(Q) n C°°(n) for all (ji, j k ). 

Obviously, the linear span of {Mi, M k } with admissible coefficients is a Lie algebra of vector fields on Q. 
We now define the admissible tangent vector fields related to the surface r . 

Definition 4.2 (Admissible tangent vector fields of To) 

(1) Let f2i be a region of the form {(t,x) : < t < C\x\ < s} and Si be the Lie algebra of vector fields with 
admissible coefficients on Qi generated by {\x\dt,t^~\x\di, Lij,i, j = 1, 2, • • • , n}. 

(2) Let O2 be a region of the form {(t,x) : \x\ < Ct < e} fl {{t,x) : \ \x\ — -^p^t^ - \ < Ct™ 2 } and S2 be 
the Lie algebra of vector fields with admissible coefficients on Q.2 generated by {Lo,Li, Lij, i,j = 1, 2, • • • , n} in 
Lemma 4-2. 

(3) Let O3 be a region of the form {(t,x) : \x\ < Ct < e} fl {{t,x) : t^~ < C||a;| ± -^p^t 1 ^]} and S3 
be the Lie algebra of vector fields with admissible coefficients on O3 which generated by {tdt,t' m+1 di, Lij,i, j 
= l,2,---,n}. 

Next, the conormal space /°°77 s (ro) with < s < 77 is defined. 

21 



Definition 4.3 (Conormal space I°°H s (r )). Define the function u(t, x) £ I°°H s (r ) in {(t,x) : < t < 
T, x £ R™} if, away from {\x\ = t = 0}, Z x ■ ■ ■ Z k u £ L°°([0, T],H s (R n )) for any k £ N U {0} and all smooth 
vector fields Z\, ■ ■ ■ ,Zj £ {L , L,, L^, i, j = 1, 2, • • • , n}, and near = t = 0}, i/ie following properties hold: 

(1) If h\(t,x) £ C°°(R n+1 \ {0}) is homogeneous of degree zero and supported on fix = {(t,x) : < t < 
C\x\ < e}, then Z x ■ ■ ■ Z k {h^{t, x)u(t, x)) £ L°°([0, T],H s (R n )) for allZ lr -- ,Z k £ Si. 

(2) Ifh 2 (t,x) £ C°°(M n+:L \{0}) is homogeneous of degree zero and supported on {(t,x) : \x\ < Ct < e} and 
X(0) e C°° has compact support near {6 = I}, then Z x ■ ■ ■ Z k (h 2 (t, x)\( (r "t,+i x| )u) £ L°°([0, T],H s (R n )) for 
all Z\ , • • • , Z k £ S 2 ■ 

(3) If hs(t, x) £ C°°(M. n+1 \ {0}) is homogeneous of degree zero and supported on {(t, x) : \x\ < Ct < e} and 
Xo(0) e C°° has compact support away {6 = I}, then Z 1 ■ ■ ■ Z k (h 3 (t, xW (m+2 +2 l )u) £ L°°([0, T], H s (M. n )) 
for all Zi, - ■ ■ , Zj £ S3 . 

It is noted that hi(t,x), h 2 (t, x)x( ^ m ), and h-${t, x)xo( < ' m t^ilf -) are admissible functions on domains 

2t~5~ 2t~ 

Oi, O2 and Q3 respectively, moreover are in the space L°°([0, 00), H ? _ (M™)). 

Because some vector fields (for examples, Li, i = 1, n) in Definition 4.3 has no good commutator relations 
(i.e., the coefficients of commutator are not admissible, one can also see the explanations in Remark 4.2) with 
P = df — t' m A, we have to look for some auxilliary relations among those vector fields which possess good 
commutator relations (for examples, Lq, Lij in Lemma 4.2, and Lo, Rj(2 < j < n) in Lemma 4.3) and P. 

Formally, it follows from a direct computation that 




i = 1, ...,n; 



2tf- +1 (4t m + 2 - (m + 2) 2 \x\ 2 ) 



(4.8) 



< 



n 



i=i 



4t m+2 _ ( m + 2)2|a;|2 



According to this and some crucial observations, we have 
Lemma 4.4. Let fli(i = 1,2,3) be given in Definition 4-2, one has 
(1) On fii, set 7V° = \x\d t , N{ = t^\x\di with i = l, ...,n, then 



+ (m + l)\x\ 2 t m L Q + ((2nm + 2n - 2m - 2)t m+1 \x 




{Nl)2 = At^- L + 2)*\x\* ( " N2(4f " +2 ~ {m + ^ " 2))P + nX?Ll ~ lxlHm ^ 12 



- 2(m + 2)x, l \x\t^NiL + (((n - l)(m + 2) - 2)t m+2 - m ( m + 2 > ^ x fj 



where a\,b{ are admissible on Oi. 
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(2) On fl 2 , set N 2 = (\x\ - j^t™? 2 )di with i = 1, n, then 



k^i 

(m + 2)((m + 2)\x\ + 2t^ +1 )N^) (4.9) 



( N 2? =Z L , - ^ ( " (W " -A-^)(4i 2 - (m + 2) 2 ^-)P 



(m + 2)((m + 2)|.x| +2i^) V m + 2 f 

-2 



2 



- 2(m + 2)*^L + (M - -A-t 25 * 2 ) ((„ - l)( m + 2) - 2 - ^g^ll £ ^) L o ' 
+ 4^ + E^I' (4-10) 

where a\ and tP 2 are admissible on fl 2 . 

Thus, one has from (4-9) and (4-10) that for i = l,...,n, 

{N l 2 f =a P + ai Ll + alt'LikLmi + ^ h ikUUk + ^ b i N 2 L 

l<i<k<n, l<i<k<n l<i<n 

l<m</<n 

+ b™ l N*L ml + coiNi + cLo, (4.11) 

l<i<ra, l<i<n 
l<m</<n 

where the coefficients do, Oi, a"j: 1 , bik, h, b™ 1 , coi and c are admissible on Q, 2 . 
f3) On fi 3 , sei 7V 3 ° = td t , = t^ +1 di with i = 1, re, i/ien 



(^3°) 2 = 4 , m+2 _ ( ^ + 2)2|a;|2 ( " - t™ +2 £ L 2 + 4t»+ 2 JVjLo 

+ (m + 2)f >+ 2 L + (2(n - l)(m + 2)t™+ 2 - (£±!jO(™±W) ^ 



W ) 2 = T , 2 _ 4fm+2 (^ +2 (4^+ 2 - (rre + 2) 2 ^ , 2 )P - ^)L 2 + t^ l " 

+ 2(m + 2) Xi t^N\L ({2 -{ m + 2)(n- l))t 2m+2 + m ( m + 2 )\ m £ x fj L, 
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where a\, 63 are admissible on ^3. 



Remark 4.3. It is also easy to verify that the coefficients on each region (i = 1,3) in Lemma 4-4 are 
admissible with respect to the vector fields Si respectively. 

We start to define the admissible tangent vector fields related to the surfaces T~[ and . 

Definition 4.4 (Admissible tangent vector fields of Iy ) 

(1) Let W\ be a region of the form {(t,x) : < t < C\x\\ < e} and Aii be the Lie algebra of vector fields 
with admissible coefficients on W\ generated by {xidi,xidt, di, i = 2, • • • , n}. 

(2) Let W 2 ,± be a region of the form {{t,x) : \x\\ < Ct < e} n {(t, x) : \x\ T 7^2*^ I < Ct^} and M 2 ± 
be the Lie algebra of vector fields with admissible coefficients on W 2 .± generated by {Lq, L±, R 2 , ■ ■ ■ ,R n } in 
Lemma 4-3. 

(3) Let W 3 be a region of the form {(t, x) : \x-\_\ < Ct < e} fl {(t, x) : t^r < C\x\ ± -^p^^^W an d M 3 be 

the Lie algebra of vector fields with admissible coefficients on W3 generated by {tdt, t~^~d\, di, i = 2, - ■■ ,n}. 

Remark 4.4. On W 2t ±, for the convenience of computation, we sometimes use the equivalent vector fields 
M 2 ± = {Lq, N 2 ,±, R2, ■ ■ ■ , Rn} with N 2 ,± = {xi =p ^f 2 t !!! ^~)di instead of {L , L 1} R 2 , ■ ■ ■ , R n } from now on. 
The equivalence comes from the following facts: 



where all related coefficients are admissible on W 2 ,±- 

Similarly, we define the conormal space I°°H s (Tf U F^) with < s < 

Definition 4.5 (Conormal space I°°H S (T+ U I"")). Define the function u(t,x) G I°°H S (T+ U T~) in 
t ;> Oif away from {xi = t = 0}, Z x ■ ■ ■ Z k u G L°°([0, T],H s (R n )) for all smooth vector fields Z x , ■ ■ ■ , Z k G 
{L , Li, R 2 , ■ ■ ■ , R n } in Lemma 4-3, and near {x\ = t = 0}, the following properties hold: 

1) If hi(t,xi) G C°°(M 2 \ {0}) is homogeneous of degree zero and supported on W\ = {(t,x) : < t < 
C\x-l\ < e}, then Z x ■ ■ ■ Z k {h x {t, x x )u(t, x)) G L°°([0, T],H s {W a )) for all Z u - - ,Z k G Mi. 

2) Ifh 2 (t,x 1 ) G C°°(K 2 \{0}) is homogeneous of degree zero and supported on {(t,xi) : \x\\ < Ct < e} and 
X±(0) G C°° has compact support near {9 = ±1} , then Z x ■ ■ ■ Z k (h 2 (t, Xi)x± ( '"l+f 1 )u) G L°°([0, T], H S {W 1 )) 



for all Z\, ■ ■ ■ , Z k G M 2 ,±. 

3) If h 3 (t, x\) G C°°(K 2 \ {0}) is homogeneous of degree zero and supported on {(t,x) : \x\\ < Ct < s} and 
Xo(0) e C°° has compact support away {6 = ±1} , then Z 1 ■ ■ ■ Z k (h 3 (t, Xi)xo( (m+ J}s 1 )u) G L°°([0,T], H s (M. n )) 
for all Z 1 ,- • • , Z k G M 3 - 

Obviously, the cutoff functions h\{t, x\), h 2 (t, xi)x±( ^ !,+r ), and h 3 (t, Xi)xo( ^ m+f -) are admissible on 

2i 2 21 2 

domains W\, W 2t ± and W3 respectively, moreover are in the space L°°([0, 00), ~(E")). 
Similar to Lemma 4.4 and by some crucial observations, we have 

Lemma 4.5. Let Wi,W 2 ,± and W3 be given in Definition 4-4> °ne has 
(1) On Wi, set Ni = xid t , then 





n 



+ (m + 2) 2 ^ m R 2 i ~ (m + 1)x\t m U + 2(m + A)x 1 t m+1 N 1 



i=2 
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(2) On W 2 ,±, set N 2 ,± = (an + ^2*^)^i; 

2,± (m + 2)^ 1± ^r^)V S / 

r 2 (^1 V 

(m + 2)( Xl ±^t^) ( m + 2 )(x 1 ±^i^) 

^ On W 3 , set N 3 = td t , N 3 , = t^di, then 



(m + 2) 2 a; 2 - 4i m + 2 

n s 

+ (m + 2) 2 a: 2 f n+2 ^ Rj - (m + 2)t m+2 L + ((m + 2) 2 :c 2 + 2(m + 2)t m+2 ) JV 3 J 



i=2 

and 

Nl, = (m + 2) 4_ 4tm+2 (4t™ +4 P - t m+2 Lg + 2(m + %t ^N 3 ,L 
+ 4t 2 ( m+2 ' R i + 2t m+2 io - 3(m + 2) 2 rc 1 ^7V3- J . 

i=2 ' 

Remark 4.5. j4s m Remark 4-3, one can easily verify that the coefficients on each domain in Lemma 4-5 
are admissible with respect to the corresponding vector fields. 

Finally, we define the conormal space I k Lf^ c (To U Tf U r 2 ) of order k, which are related to the surfaces To, 
and in M + x K 2 . For this end, at first we will introduce the admissible vector fields as in Definition 4.2 
and Definition 4.4. 
Set 

if = ifnr fori = 1,2, ip ± = r±nrf. 

For small fixed constant 5 > we define the following domains: 

m + 2 

21 2 + 2 +2 

Slf = {(t,x) : t > 0,|an T < St~, \x 2 \ < 5t—}, 

m + 2 

_|_ r , AT 2 m + 2 m. + 2 

fin = {(M) : t > 0, a; 2 T d < to 2 > x i < to 2 }, 

m + 2 

^ m + 2 m + 2 

n^ ± {(t,o;):t>0 ) |a;iT-^-| <« a * 2 , |z 2 + ^d <to^}, 
m + 2 m + 2 



fii+ 3 = {(t,x) :t>0, \xi + — -j-^l < t~^~ , away from the lines and l 3 ' }, i = 1,2. 



In addition, fi^ U fi^ U fi 3 ' U fij U flf U (uj^fij) is an open cusp conic covering of \ {O} such that fij 
(1 < j < A 1 ") intersects at most one surface in {To, T^, Tf}. 

In fi± set X± = {L , L 1; M±}, here M± = ± + (— — + x 1 )d 2 ; 

In fi±, set M± = {L , L 2 , M±}, here M 2 ± = -±(dt ± t^d 2 ) + ( — + x 2 )8v, 

12 m + z 
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In Slf*, set Mf* = {L , N**}, here N±'± = i±Xl J X2) % ± (^^- T x 2 )d 1 ± (± Xl - ^r)d 2 , 



v m + 2 ' v m + 2 

JV 2 ±>± =t3 e +t*+ 1 (±3i±&); 

In (i=l,2), set -Mj_ 3 = {L , i?^, i? 2 ,i}, here i?^ = (xj T — 2 )di, #2,1 = ^2 or i? 2j2 = 

Infij (j = 1,-- -,N), set Mo = {L ,L l7 Z 2l L 12 }. 

Those vector fields with admissible coefficients generated by Mf,M.2,---,Mo respectively are called the 
admissible vector fields of surface variety {r ,rf ,Tf}. 

Next, we give the definition of conormal space I k Lf^ c (Y a U Tf U Tf). 

Definition 4.6 (Conormal space I k L% c (T UTf UTf)) We call a function u(t, x) E I k L^ c {T UTf Ul^) 

((m + 2)2; \ 
x( ^+2 — ) u(t,x) ) € Lf£ c ([0,T] x M 2 ) holds for any \a\ < k and the homogeneous cut- off function 

x( ^+2 — ) °/ degree zero whose support lies in some fixed conic neighborhood offlf(i = 1, 2), 3 ' , ftf +3 (i = 

2t~5~ 

1, 2), = 1, ...,N), and Z represents the admissible tangent vector in related domains. 

§5. Local existence of solution to problem (1.1) 

In this section, we will show the local existence of the low regularity solution to (1.1) in Theorem 1.1. At 
first, we study the 2-D case under the condition (A 3 ) since the case of condition (Ai) is completely analogous 
and even simpler. 

Theorem 5.1. Under the assumptions (A3) and m < 9, there exists a constant T > such that (1.1) has a 
local solution ue L°°([0,T] x M 2 ) n C([0, T], "(M 2 )) n C((0, T], H (M 2 )) n C^QO, T], "(M 2 )). 

Proof. Set 

r &V - t m A Ul = 0, 

(5.1) 



( ui(0,x) = 0, dtUi(0, x) = (p(x). 

Due to <p(x) € H^~(M?) by Lemma 2.1.(ii), then it follows from Lemma 2.4 and Proposition 3.3 that for 
any fixed < 5 < 2(^+57 

ui(t,aO e L°°([0,1] x M 2 )nC([o,i],i?5^" 5 (R 2 ))nC((o,i],^^- i (M 2 ))nC 1 ([o,i],ff^-' 5 (iR 2 )), 

which satisfies for t € [0, 1] 

\\ Ul (t, OIUcc^) + || Ul (t, Oll^^-,^ + t*IMt, OH^-.^ + llft«i(f, -)II^-, (R2) < C(S). (5.2) 



Let 

{ "2(0. .C) - (•'">, f/ 2 (() .)■)-(). 



d t 2 u 2 -i ro Au 2 = /(i,x,0), 

(5.3) 



Since /(i, x, 0) £ C°°([0, 00) x R 2 ) has a compact support on x, then (5.3) has a C°°([0, 00) x M 2 ) solution 
w 2 (i, x) which possesses a compact support with respect to the variable x when t > is fixed. 
Set v(t,x) = u(t,x) — m(t,x) — u 2 (t 7 x), then it follows from (1.1), (5.1) and (5.3) that 

f d 2 «-^A« = /(t,x, Ul + U2 +«)-/(i,x,C)), 

1 w(o,x) = a t v(o,x) = 0. 

For w(t, x) e C([0, T],H^^ +po(m) - s ) n C((0, T], ff afSSVP 1 *™)-*) n q 0> ^ iJ _3^ +P2 ( m) _^ satigfying 
for t e [0,T] 

IM^C*, -)lll ^||-^(*, -)ll^^ f t^ T + J= , 0( _,_ S( ^ ) -1- i^ 221 ^^^^- 2 !!-^^, Oll^^^t^^,^,-.^^ 

+ ||ftt«(t, •)ll /f ^ +P2(m ,-, (R2) < 00, (5.5) 
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4 

for m > 2 



where po( m ) = < m + 2 , pi(m) and P2(m) have been defined in Lemma 3.4, and < T < 1, we 

I 1 for m < 2 
define the set G as follows 

G = jw e C([0, T], 77 sS+f't™)- 5 ) n C((0, T], J/wb+P^™'- 5 ) n G^O, T], /f^ +P2(m) - 5 ) : 



sup HHMIII < l|- 
te[o,T] J 



Denote by 



£(/(*, a;, u)-/(t, 1,0)) = 

" (V 2 (t, |C|)Vi(r, |£|) - Vi(t, \t\)V 2 (T, m(f(r,xMr,x))-f(T,x,0)r(Odr^ (t,x) 

and define a nonlinear mapping T as follows 

T(w) = E(f(t, x, Ul + u 2 +w)- f(t, x, 0)). (5.6) 

We now show that the mapping T is from G into itself and is contractible for small T. 

*) 

2 I 

.2- 



By (3.25) in Lemma 3.4 (taking s = Po( m ) — §) and (5.2), we have for w G G 



||-F(«0(*, Oil ^ +P „<™)-* < Ct 2 - <m+2 ! 0<m ' +*^ \\f( t , ; Ul (t, •) + U 2 (t, •) + W(t, ■)) - /(*,-, 0)|| ^±e_s 



-+P()(m)-"S 

(m + 2)p (m) (m + 2)i 

< Ct 2 5 + ^T~ || Ul ( t) .) + U2 (i, .) + W ( t , ■ 



< C( ^2-<=±« + l^M (5 . 7) 

here we have used the follows facts: 

f(u) e L°°([0,T] x MP) n L°°([0, T], H s (R n )) Hue L°°([0,T] x R n ) n L oc ([0,T],H s (R n )) with / £ G°°, 
/(0) = and s > 0; 

Sobolev's imbedding theorem of L oc {[0,T} 7 H^^) +Mm ' , ~ S {R 2 )) C L°°([0,T] x R 2 ) for small S > and 
m < 9. 

For small T, one can derive from (5.7) that 

^ w ^K^^-h (5 - 8) 

On the other hand, by (3.25) in Lemma 3.4(taking so = Pi(m) — |), we have 

||^H(*, Oil < Ct 2 - ^ 2 ^^ ^ \\f( t , Ul (t, •) + U 2 (t, ■) + W(t, •)) - f(t,;0)\\ ^±e_s 

(m+2) P1 (m) (m+2)i 



< Gt 2 

which yields for small T 

(m + 2) P1 (m) I 

^ 2 |W(V)H h5&+piW _ 5(r2) <3. (5.9) 

If we take p 2 = p 2 (m) — 5 in (3.26) of Lemma 3.4, then we have for small T 

\\d t T(w)(t, -)\\ H ^ +P2(m) . s < CT^^^-^Wfit, Ul (t, ■) + u 2 (t, •) + w(t, •)) - f(t, •, 0)|I h ^_, 

<GT^ 

< l- (5-10) 
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Collecting (5.8)-(5.10) yields for small T 

sup |||.F(«0(t,-)|||<l, (5.11) 

t€[0,T] 

which means T maps G into G. 

Next we prove that the mapping T in contractible for small T. 

For wi,w 2 e G, due to /(t, x, «i + u 2 + wi) - /(r, a;, u\ + u 2 + w 2 ) = Jq /'(t, x, u\ + u 2 + 6w\ + (1 - 
#)w2)(it>i — w 2 )d6, then a direct computation yields as in (5.8)-(5.10) for t G [0, T] and small T 

SUp |||^( Wl )(i,-)-^2)(t,-)l|| 

te(o,T] 

= sup \\\E(f(t,X,U 1 + U 2 + W 1 (T,-))- Ef(t,X,U 1 + U 2 + W 2 (T,-))\\\ 

te(o,T] 

<C(T^^+T^-^) sup ||| W i- W2 ||| 
te(o,T] 

<i sup ||| Wl - W2 |||. (5.12) 
1 te(o,T] 

Therefore, by the fixed point theorem and (5.11)-(5.12), we complete the proof of Theorem 5.1. 
Under the assumption (Ai), we have 

Theorem 5.2. Under the assumption (Ai), there exists a constant T > such that (1.1) has a local solution 
u e C([0,T],#t + ^-(M rl ))nC((0,T], i?^ + 3f^-(M«))nC ,1 ([0,T], J ff^-3<^T3)-(M™)). 

Proof. Since C{[0 7 T}, H% + ^~ (R n )) C L°°([0,T] x M n ), then Theorem 5.2 can be shown by the same 
procedure as in Theorem 5.1, we omit it here. □ 

Finally, we prove the local existence of solution to (1.1) under the condition (A 2 ). 

Theorem 5.3. Under the assumption (A 2 ), there exists a constant T > such that (1.1) has a local solution 
u e L°°([0,T] x R n ) nC([0,T],77^%-(M«))nC((0,T], H^-(M n ))nC 1 ([0,T],H^-(R n )). 
Proof. Let ui(t, x) satisfy 

f d}u x - t m A Ul = 0, (t,i)e[0 1 +oo)xR n , 
\ ui(0,a;) = 0, d t ui(0,x) = (f(x), 

where tp(x) satisfies the assumption (A 2 ), then by Lemma 2.2 and Proposition 3.3 we know that for any fixed 

S > with S < — - 

2(m + 2) 

ui(t,a:) e L°°([0, 1] x R n ) n C([0, l],ff3^fc _4 (M 2 )) n G((0, l],fT^i- 4 (R 2 )) n G^O, 1], H^- 5 (R 2 )), 
which satisfies for t £ [0, 1] 

IMMIU-^) + ||«i(V)ll H5a _ V) + * ¥ IMV)||^_, (Ra) + ll^i (*.-)|| ff ^- Va) < C(S). (5.14) 

Next, we establish the more regularities of u\{t, x) in the directions x' = (x 2 , ...,x n ). 
It is noted that for |a| > 1 

f <9 t 2 <9>i - t m Ad^ Ul = 0, (i, a;) £ [0, +oo) x R» 

I Sgui(0 ) a;) = 0, <9 t <9>i(0, a;) = 0£<?(a:). (5 ' 15) 
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This derives 

d%, Ul (t,x) e L°°([0, 1] x w n ) n C([0, 1], H*^3V(R n )) n C((0, l],ff^i-*(R n )) n C^flO, 1], jf^-'(R n )) 
and satisfies for i G [0, 1] 

+ -)||^ , < C a (tf). (5.16) 



Set i> = u — Mi — U2, where u 2 is defined as in (5.3), then we have from (1.1) 

f ^-i m A« = /(i, a; , Ul + U2 +t;)-/(t,r C ,0), 
1 u(0,a;) = d t v(0,x) = 0. 

In order to solve (1.1), it only suffices to solve (5.17). This requires us to establish the a priori L°° bound 
of d",v in (5.17) for \a\ < [§] + 1. For this end, motivated by Lemma 2.2 and Lemma 2.3, we should establish 
d^v e L°°([0,T],H s (M. n )) with s > \ and < [§] + 1. 

Taking dj, {\-y\ < 2[f ] + 2) on two hand sides of (5.17) yields 

%8Z,v-t m Ad2,v = F^t,x,d}v) M < h \= cJ(d P x ,f)(t,x,u 1+ u 2 + v)-(dP,f)(t,x,0)) 

Ii8|+i<l7l V ' 

xd l u f(t,x,u 1 + u 2 +v)U 1<k<l d^(u 1 + u 2 + v), 

I d>(0,x) = d t d>(0,x) = 0. 

(5.18) 

If X ll 5 "' w IU~([o,T]xK") + X! ll^' t, IU~([o,T],H«(R«)) < 2 with s > i and T < 1, then by Lemma 

l«l<[f]+l l7l<2[f]+2 

2.3 and (5.16), we have from (5.18) that for small T 

l|£>>IU~([0,T]xR™) < 1. (5.19) 

l«l<[f]+l 

Based on the preparations above, we will use the fixed point theorem to show Theorem 5.3. 
For w £ L°°([0, T] xR")nC([0, T],ff^ +w(m) ->C((0, T], H^^ +Pl ^~ s )r\C 1 ([0, T], H^ +P2(m) - & ) 
with<9£w e L°°([0,T]xR") (\a\ < [f] + l) and £ C([0, T], H*^ +Mm) - s )nC((0, T], ^f^+P^™)- 5 ) 

nC 1 ([0,T],i?^T2 +P2(m) "' 5 ) (| 7 | < 2[|] +2), where the expressions of Po(«i),pi(m),p 2 ("i) are § iven in ( 5 - 5 )' 
we define 



H + l 2[f]+2 

ia2,u)ft.-ii, 

' H 2( m + 2) - 



|w(*.-)|||= X! l|d£™(M)||i/»([o,T]xK™) + XI ll^w(^,-)|| ^+6 +P[)(m) _, 



|a|=0 | 7 |=0 

2[ — 1+2 2[ — 1+2 

l-r |=o ' | 7 |=o 



A set Q is defined as follows 



Q=|tu e L°°([0,T] x M")nC([0,T],^ + ^- 5 (M rl ))nC((0,T],^^- 25 (K n ))nC 1 ([0,T],^^-' 5 (R n )) 



sup |Ht,-)|||<2l. 
te[o,T] J 
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Let us define a nonlinear mapping T as follows 

T(w) = E(f(t, x, Ul + u 2 +w)- f(t, x, 0)), (5.20) 

where the meaning of the operator E is given in (5.5). 

As in the proof procedure of Theorem 5.1, we now show that the mapping T is from Q into itself and is 
contractible for small T. 

At first, T(w) solves the following problem 

f (d? - t m A)T(w) = f{t, x, Ul + u 2 + w)- f(t, x 7 0), 
I T(w)\ t=Q = d t T(w)\ t=0 = 0. 

By (5.19), we can derive that for small T 

[f]+i 

Y, l|ds^(M)|U~([0,T]xR") < 1- (5-21) 

M=o 

Similar to the proof as in Theorem 5.1, one has for small T and t G [0, T] 

2[2i]-f-2 2[— ] + 2 

|7|=0 |7l=0 



2[§]+2 

+ E H^«'(*.-)ll ff ^ +ra (™)-* {R „ ) <l (5-22) 

| 7 |=0 

and 

|||^( Wl) -^ 2 )|||<^||K- W2 |||, (5.24) 

where wi, u?2 € Q. 

Combining (5.21) with (5.22) yields 

III^HIII<2, 

which means T maps Q into itself. Therefore, it follows from the fixed point theorem that we complete the 
proof of Theorem 5.3. 

§6. Proof on Theorem 1.1 

Based on the results in §2-§5, we now start to prove Theorem 1.1. At first, under the assumptions (A3) and 
(Ai), we establish the following conclusions on the conormal regularities of the local solution u{t,x) obtained 
in Theorem 5.2 and Theorem 5.3, respectively. 

Theorem 6.1. (i) For the solution u(t,x) in Theorem 5.2, we have u(t,x) £ J°° H~~ 2, . m + 2 > ~(ro); 
(ii). For the solution u(t,x) in Theorem 5.3, then u(t,x) € I°°H'^+ 2 ~ (T^ UTJ"). 

Proof, (i) By the commutator relations in Lemma 4.2 and a direct computation, we have from (1.1) 



d 2 t u k - t m Au k = ]T Gpi( L ^<i<j<nL^d l j){t, x, u )n 1 < s <,(4»n 1 < i<J <„L'y u ), 

Po+h<ko 

I U k (0,x)eH% +1 -(R n ), d t U k (0,x)eH 



/3 +l <k 

Pij+hj=kij (6.1) 
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here U k = {Lo o ni<, <:) <„Z/*J> u} ko+ Y,kij=k f° r fc £ NU {0}, and in the process of deriving the regularities 
of Uk{0,x) and dtUk{0,x) we have used that facts of H\<i t j< n (xidj) ki '<p(x) £ H%~(M. n ) and wi(x)w2{x) £ 
i?t-(E") if Wl (a;),W2(a:) £ fl*-(R n ). 

Next we use the induction method to prove 

U k (t,x) £ C([0,T], Jjt+^" (M")) n C((0,T], fft+i-nrfey- n ^([0,7], i^-^T^y-Qfr)) (6.2) 
which satisfies for any small fixed <5 > 

It is noted that (6.2)-(6.3) has been shown in Theorem 5.2 in the case of k = 0. Assume that (6.2)-(6.3) 
hold for the case up to k — 1, then one has by (6.1) 

| 9 t 2 ^ - t m At/ fc - u)*7 fe = F k (t, x), 

I [/ fe (0,^)£ J fff+ 1 -(M"), a e I/fc(0 ) a:)efr»-(R n ) ) 

where F fc (t,a;) £ C([0, T], #5+^"). 

This, together with Proposition 3.3 and Lemma 3.4, yields (6.2)-(6.3) in the case of k. 

We now prove u(t, x) £ I°° H%~ (To). 

It is noted that for i = 1, • • • , n, by (6.3) and Remark 2.1, 

AW*, *)x( (m+ JE N H = ^(^2X)« + ^( {m+ J + l lXl ~ l)h 2X ^ +1 d t u £ L~([0, T], i?f -™-), 
2t 2 m + ^ 2i 2 

where the definitions of /i2(i, x) and x( ^"t^+l 3 ^ ) are given in Definition 4.3 . Furthermore, by (4.11) in Lemma 
4.4 and (6.3), we can obtain for any fa,ko, kij £ N U {0} 

(Ni^Lfrn^i^L^faxu) £ L°°([0,T\,H*-*tf™-). (6.5) 
This, together with (4.9) in Lemma 4.4, yields 

LpLfrlL^j^Lftfaxu) € L°°{[0,T\,HS-*£™-). (6.6) 
In order to show u(t, x) £ I°°H^~(ro), we need to prove 

n 1 < i <„X t fei 4°n 1 < i< ,<„4v(/ l2XM ) £ l°°([o,t\,h*-*£™-) 

or equivalently 

n 1 < i < n (^)^4<>n 1 < j<J < n L^(/ l2XM ) £ L°°([0,T\,H*-*&™-). (6.7) 
For this end, by the commutator relations in Lemma 4.2 and (4.11), it suffices to prove 

N^N* 2 ■ ■■N i 2 k {h 2X u) £ L°°([0,T\,H%-*^-) for 1 < h < i 2 < ■ ■ ■ < i k < n and 2 < k < n (6.8) 

since the proof on N'^ 1 N l 2 2 ■ ■ ■ L^n^^^L^ (h 2 xu) £ L°°([0, T], is completely similar. 

Indeed, by the expression of N 2 = a(t,x)di with a(t, x) = \x\ — -^jp^ 1 ^ and (6.5), we have for 1 < i < n 

d 2 (a 2 {t, x)h 2 xuj =(adi) 2 {h 2 xu) + dia(adi)(h 2X u) + 2a(dfa)h 2 xu + 2{diafh 2X u 
= {N l 2 ) 2 (h 2X u) + (d ia )N l 2 (h 2X u) + 2a(dfa)h 2X u + 2{d ia ) 2 h 2X u 

eL x {lQ : T],H^-^^-), (6.9) 
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here we use the facts of e h} oc (R n ) and w 1 (x)w 2 (x) G iy min {si.s2, S i+s 2 -f }-(]&«■) if ^(a;) e and 

w 2 (x) e H s *(W n ) with si,s 2 > 0. 
From (6.9), we have 

A(a 2 {t,x)h 2X u) eL x ([0,r],F"^"), (6.10) 
which derives by the regularity theory of second order elliptic equation 

d^{a 2 (t,x)h 2 xu) e L oc ([0,T],H^~^^~) for any 1 < i < j < n (6.11) 

or equivalently 

NiN 3 2 {h 2 Xu) e L°°([0,T], Ri-^m ") for any 1 < i < j < n. (6.12) 
Analogously, we can get for any 1 < i, k < n 

df (a z d k {h 2X u)) eL°°([0,T\,HS-*&rv-) 

and 

A(a 3 d k (h 2X u)) e L°°([0,T],^-W2T-), 

which derives 

4(a 3 c> fe (/i2X«)) e L°°([0,T],^-OTy-) 

and further by (6.12), 

N l 2 N 3 2 N%{h 2 xu) £ L°°([0,T], ijt-sirfej-). ( 6 .1 3 ) 

By induction method, we can complete the proof on (6.8). 
Consequently, we have 

L^n 1 < i < n L k i m 1 < i<j < n L^{h 2X u) ee l°°([o,t],h%-*^-). (6.14) 

Similarly, by (1) and (3) in Lemma 4.4 (noting that Li can be expressed as a linear combination of Lq and 
Ljk with admissible coefficients in fii and respectively), we can arrive at 

Z 1 ---Z k [h 1 uj e L°°([0,T\,H%-*tifej-) for all Zi,--- ,Z k eS u 



and 



Zi ■ ■ ■ Z k (h 3X o( (m + JJ} Xl )u) e L°°([0, T], gt-CTT-) foraUZi,--- ,Z fc e5 3) 



where the functions /ii, ft.3 and Xo are given in Definition 4.3. 
Therefore, 

u(t,x) e l™H^-?t^-(T ). 

(ii) By the commutator relations in Lemma 4.3 and the equation (1.1), we have for k > 2 and j > 1 

d 2 t u k - t m Au k = Y, c , ^(^°n 2 <i<„-Rf i ai/)(i^,M)n 1 < s < i (X^n 2 < i < ri i?f u ), 

ft+'i=fe; (6.15) 

?7 fc (0,a;) G W 1 '°°(M")n J ff2-(]R rl ), d t U k {Q,x) £ L°°(M n ) n iJ3 _ (R n ), 

here £/ fc = {Lg°n 2 < i <„ J R J fci M } fc 0+ ^fe i= fc for fc G NU{0}, the definitions of L , Ri(2 < i < n) see Lemma 4.3, and 

{ Xl d^d^U k {Q,x) e W 1 ' co (R n ) n Hi~(R n ), (x^^d^dtUk^x) G L°°(R n ) n i/i-(R n ) for any multiple 
indices (70, 7'). 
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By Lemma 2.2-Lemma 2.3, Proposition 3.3 and Lemma 3.4, we know from (6.15) that 

u k (t, x) e l°°([o, t] x w n ) n C([o, T], a^r-*(R n )) n C((o, T], n ^([o, r], h^-'(r")) 

and satisfies for t G [0, T] 



||tfk(f,-)IU-(R») + l|E / fc(*.- 



H 2( m + 2) ( R „) 



^||^(V)|L 



< Cfc(J). (6.16) 



Due to 7V 2 , ± (^(^^(^pp^u) = 7V 2 , ± (/ l2X )w+ ( ^"t^ Tl^^X^+^i" € L°°([0, T], ff^"*) 

by (6.16), here the functions /i 2 and x± are defined in Definition 4.5. Furthermore, applying for the relations 
in (2) of Lemma 4.5 together with (6.16) yields 

< 1 ±^ o n 2 < i <n4*(^x«) e L°°([0,TIH^- S ). (6.17) 
Analogously, by (1) and (3) in Lemma 4.5 and the same proof procedure of (6.17), one can obtain 



Z x ■ ■ ■ Z k u(t,x)) e L°°([0,T\, H^~ s ) on Wi for all Zi,--- , Z k e M u 



i = 1,3. 



Therefore, 



u(t,x) e i°°H^-(ri urr). 

We have completed the proof of Theorem 6.1. □ 

Next, we start to illustrate u C 2 ((0, T] x R 2 \ T U rf U r 2 ) in (iii) of Theorem 1.1. 

Especially, we assume that the problem (1.1) is a 2-D linear degenerate equation with Riemann discontinuous 
initial data as follows 

f dfu-t m Au = 0, (t,x) e [0,+oc) xR 2 , 
\ u(0,x) = 0, d t u(Q, x) = (po(x), 
Ci for xi > 0, x 2 > 
C 2 for xi < 0, x 2 > 

with d ^ C, for any 1 < i < j < 4 and C x + C 3 - C 2 - C 4 ^ 0. 

C 3 for xi < 0, x 2 < 



where <^o(a0 = ' 



C4 for xi > 0, x 2 < 

Theorem 6.2. For i/ie solution u(t,x) of (6.18), then u(t,x) I k L% c (T UT^U Vf) with k = 2. 



Proof. For convenience to write, we set (f>(t) 



2.4, the solution of (6.18) can be expressed as 

u(t, x) = C t j (1 - s 2 )-~<V{s4>{t), x)ds, 
Jo 

where Co > is some fixed constant, and 

ip (x) if |xi| > r, \x 2 \ > r, 



t k+1 , k , , m 

and 7 = —7; 7 with fc = — . Then as m Lemma 

fc + 1 ' 2(fc + l) 2 



(6.19) 



V(t,x) 



Ci 


+ c 2 


c 3 


2 

+ C 4 




2 

+ C 4 


Ci 


2 

+ c 3 


c 2 


2 

+ C 4 


Ci 


2 

+ c 3 


2 



if |xi| <t,x 2 > r; ^ 2 ^ 3 if xi < -r, |x 2 | < r; 
if \xi\ < t, x 2 < -t; — ^ — if xi > r, |x 2 | < t; 

if x\+ x\> t 2 , and < Xi < t, < x 2 < r or — r < xi < 0, — r < x 2 < 0; 

if x\+ x\> r 2 , and — r < xi < 0, < x 2 < r or < x\ < r, — r < x 2 < 0; 

, Ci + C3 — C 2 — C4 „ , . 2 , 2^2 j ^ n 
H o T J(T,x) iix 1 +x 2 <t and xix 2 > 0; 



2tt 

?2 + C 4 — C\ 
2^ 



-9 T J(t, x) if xf + x 2 < r 2 and xix 2 < 0; 
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here 



with 



Due to 



then 



J(t,x) 



2 _ r 2\2 



Xi 



,x 2 



— — arcsin( — ) — arcsin( — ) \rdr = rJ(l, — ) = rJ(— ) 



1 



_ . , arcsmy — ) — arcsmi — ) rar. 



diJ(y) = arccos 



V2 



and d 2 J(y) = arccos 



n t ^2 ^ t 3/1 

o\J = arccos — p= . 02J = arccos 



2 _ ™2 ' 



7" 3j 

o T J = arccos 

T T 



t 2 - a; 2 , 



a; 2 £1 
-arccos- 



It follows from (6.19), Remark 2.4 and a direct computation that for (i, x) G f2^~ n {|a;| < 4>{t)} 

u f 1 

d t u=-+C (l-s 2 )- y (k + l)Td T V(T,x)\ T=ms ds, 
1 Jo 

dm = C t /^(l - s 2 )-~>diV{T : x)\ T=(jl{t)s ds, 
d 2 u = C t £(1 - s 2 )-^d 2 V{T,x)\ T=cjl{t)s ds. 

Thus, in domain flf = {(t,x) : < t < 1, |xi - 0(i)| < <$</>(*), |ac 2 | < <ty(t)}, 

1 Z" 1 

-£ u = u + (fc + 1)C * / (l-s 2 )- 7 (r0 T y + xiSil/ + X2S 2 y)| 7 
^ Jo 

In addition, for < r and by (6.20), one has 



=4>(t)sds, 

l-s 2 



d T V(r,x) 
diV(T,x) 
d 2 V( T ,x) 



X\X 2 



+ 



y/T* - \X\* \T 2 - X( T 
X 2 T 



(r 2 -x 2 )^t 2 -\x\ 2 ' 

X\T 



(t 2 -xI)^/t 2 -\x\* 
and further for (t, x) G flf n {(i, x) : \x\ < 4>{t)} and |x| < r, 
f t<9 t 1/ + :ei<9i1/ + 2: 2 <9 2 V = 0, 



x 2 \\/t 2 - \x\ 2 \x 2 \\/t 2 - \x\ 2 



EL°°, 



(r 2 -* 2 ) 



From (6.23), we can arrive at Lqu = and further L l u = for any I € N U {0}. 

We now show L x u e L°°(nf n {(t,x) : \x\ < 0(f)}) but L\u £ L°°(Of n {(t,x) : \x\ < 0(f)}). 

By the expression of L\u and (6.23), it suffices to prove 

f0(f) [ (1- s 2 ) 1 -' f d 1 V(s ( t ) (t),x)ds e L°°{n+). (6.24) 
Jo 

By the expression of V(t, x), we only require to take care of d\V{s<j){t), x) in the domain {(f, x) : \x\ < 0(f)s} 



in (6.24). At this time, a direct computation yields for (f, x) £ fl x PI {(f, a;) : |a;| < 0(f)} 

N0 2 (f)s 1 



f\\-s i y-*>a l v(8<i>{t),x)M<i> I] -J 

•>0 V0 



(f)s 2 -|x| 2 2 (i)s 2 -a;? 



ds = Ai(f, a;). 



We can assert 



Indeed, if we set a 



A^x) e L°°(n+ C[{(t,x) : \x\ < 0(f)}). 



(6.25) 



(6.26) 



/ 0(f) - N 
i 0(f) + M 

|Ai(t,a;)| = 2f 
= 2f|.T 2 ||a; 



fM 



and £ 



/0(f)s- \x\ 

0(f)s + X 



then Ai(t, x) can be estimated as follows 



n x 2 \x\[\ +e) 

4^ 2 + a;2(l + e 2 ) 2 



f 

Jo 



2X! 



x 2 (1 + £2 + 2 ^+ 2 fiN )( i + £2 + 2s? -22! |*| j 
2xf+23;i|a;| 

^ 



d{ 



Y _|_ £2 _|_ gaj+^cijxj ^ _|_ ^2 _|_ gsf-^gijsj 



arctanq 



17=0 



+ arctanrj 



r;=0 



< Cf. 



Consequently, (6.26) holds true. 
Next we show that 



L 2 u £ L°°(f2+ n {(f, x) : \x\ < 0(f)}). 



For (f, x) e flf n {(f, x) : \x\ < 0(f)}, we write 



(6.27) 



where 



f0 2 (f) / (l-s 2 ) 2 -'dfV\ T=s4){t) ds = B 1 (t,x) + B 2 (t,x), 



Bi(f,a;) = f0 3 (f) f s(l - s 2 ) 
B 2 (t,:c) =f0 3 (f) / s(l-s 2 ) 



3xia;2 



(0 2 (f)s 2 - X 2 ) 2 V0 2 (f)s 2 " \X\ 



-.ds 



X\X 2 



(0 2 (f)s 2 -x 2 ) 2 (0 2 (f)s 2 - M 2 ) 1 



-ds 
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, , n 4>(t) , ,. U{t)s - \x\ , 
As m the process to treat AAt, x), we set a = t / — — r and t = \ — -r^ r~ r, then 

V 4>{t) + \ x\ y + |x| 



< + oo, (6.28) 

|i?2( ^ )| - N X (1 + n l 1 " ( ^)T^ ) J MT2RTH¥Tlff d$ 

= + oo. (Due to £ = is a singularity point, the integrand behaves like near £ = 0) 

* (6.29) 

It is noted that the integrand in B2(t,x) > is positive for X2 > or negative for X2 < respectively, 
then by the definition of partial derivatives together with Fatou's lemma (i.e., for G(y) = g(s,y)ds and 

d y g(s,y) > 0, then hm A _ s>0+ — ^— - j- — > f d y g(s,y)ds), we have from a direct computation that for 

(t, x)efl+n {(f, x) : |x| < 0(i)} and if u G C 2 ((0, T] x E 2 \ T U Tf U TJ) 



|L?d > 



terms 



Ct<t> 2 {t)\ f s(l - s 2 y-idlV{T,x)\ T=sm ds\-L° 

(t) / l-s^^l^Vl^wlds-L 00 terms -CtA 1 [t,x) 



- Ct</>(*) 
Ctf 



>|OBi(M) + CB 2 (t,x) - L°° terms] (here we have used (6.26)) 
= + oc (here we have used (6.28)-(6.29)). 

Therefore, (6.27) is proved, and u(t, x) I k L^ c {T U rf U Tf) with k = 2. □ 
Finally, we can complete the proof on Theorem 1.1. 

Proof of Theorem 1.1. (i) Combining Theorem 5.2 with Theorem 6.1 . (i) yields its proof. 

(ii) Its proof comes from Theorem 5.3 and Theorem 6.1.(ii). 

(iii) Based on Theorem 5.1 and Theorem 6.2, the proof can be completed. 
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